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Ĥ Fully connected transverse field Ising or Lipkin-Meshkov-Glick

hamiltonian.
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Abstract

The recent finding that among all the bases in the Hilbert space of quantum systems, the

Krylov basis is the one which minimizes the spread of the system’s state, has prompted intense

research in the recent years on the spread of evolving quantum states, mainly in quantum chaotic

many-body systems in the Heisenberg picture. One of the fruits produced by these investigations

is a new quantity which has expanded the understanding about the complexity behind quantum

evolutions called Krylov complexity. This newmeasure of complexity, which upper bounds other

related measures such as out-of-time order correlators and operator size, has already reached

quantum field theories, open or isolated, integrable or chaotic quantum systems. A particularly

striking manifestation of critical behavior in nonequilibrium quantum systems is the dynamical

quantum phase transition (DQPT), which extends the notion of phase transitions to real-time

evolution. At the same time, excited-state quantum phase transitions (ESQPTs) encode criticality

directly in the spectral properties of the system. Motivated by the question of how complexity

responds to both dynamical and spectral critical phenomena, we investigate the time evolution

of Krylov complexity in the Schrödinger picture in scenarios exhibiting DQPTs and ESQPTs. Fo-

cusing on an infinite-range ferromagnetic model, we show that Krylov complexity behaves as

an effective probe of both dynamical and spectral phase transitions. In particular, we demon-

strate that Krylov complexity acts as an order parameter for DQPTs and, in a specific regime, we

establish a simple and explicit relation between Krylov complexity and magnetization.

Keywords: Krylov complexity; Dynamical phase transition; Excited-state quantum phase

transition; order parameter.
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1

Chapter 1

Introduction

Understanding the nonequilibrium dynamics of quantum many-body systems has emerged

over the past decades as one of the central challenges in contemporary physics [1]. Experimental

advances in platforms such as ultracold atoms, trapped ions, and superconducting circuits have

enabled unprecedented control over strongly correlated quantum systems, allowing direct explo-

ration of dynamical regimes that lie beyond the traditional framework of equilibrium physics. In

this setting, fundamental questions concerning the emergence of collective behavior, the spread-

ing of quantum information, quantum chaos, and the limits of dynamical predictability have

gained renewed relevance, both from a conceptual standpoint and in connection with applica-

tions in quantum computation and quantum simulation [2].

A recurring theme in the study of complex many-body systems is the emergence of quali-

tative changes in their macroscopic behavior as external parameters are varied. In equilibrium

statistical physics, such changes are naturally captured by the concept of phase transitions, which

provide a unifying framework to classify collective phenomena in terms of symmetry breaking,

order parameters, and universal critical behavior. Remarkably, the notion of phase transitions

has proven to be robust far beyond its original thermodynamic setting, offering a powerful lan-

guage to describe the reorganization of quantum states and correlations in interactingmany-body

systems.

1.1 Quantum Phase Transitions at Equilibrium

Quantum phase transitions (QPTs) occur at zero temperature and are driven by quantum

fluctuations induced by variations of external control parameters in the system Hamiltonian [3].

In contrast to classical phase transitions, which are governed by thermal fluctuations, QPTs reflect

profound reorganizations of the ground state of a quantum many-body system as a critical point

is crossed. These transitions are typically associated with nonanalytic behavior of ground-state

properties, the closing of excitation gaps, and the emergence of universal scaling laws that are

largely independent of microscopic details.
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Within the equilibrium framework, quantum phase transitions are commonly understood

in terms of symmetry principles and order parameters, which capture the emergence or disap-

pearance of long-range order across a critical point. The low-energy physics near criticality is

dominated by diverging correlation lengths and times, giving rise to universal behavior that can

be classified into universality classes. As a result, systems with distinct microscopic realizations

may exhibit identical critical exponents and scaling functions, emphasizing the collective and

model-independent nature of quantum critical phenomena [4].

Despite their success in characterizing equilibrium properties, the traditional theory of quan-

tum phase transitions is intrinsically rooted in ground-state physics and static observables. How-

ever, in many experimentally relevant situations, quantum systems are prepared far from equilib-

rium and subsequently evolve unitarily in time, for instance following a sudden or slow quench

of a control parameter. This raises a fundamental question: to what extent can concepts origi-

nally developed for equilibrium critical phenomena be generalized to describe genuine dynamical

processes in isolated quantum many-body systems [1, 2]?

Within this broader nonequilibriumperspective, dynamical quantumphase transitions (DQPTs)

have emerged as a powerful conceptual framework to characterize qualitative changes in the real-

time evolution of isolated quantum systems. Rather than being defined through static order pa-

rameters, DQPTs are associated with nonanalytic behavior in dynamical quantities as a function

of time, reflecting abrupt reorganizations of the evolving quantum state. Originally introduced

through analogies with equilibrium phase transitions, this notion has proven fruitful in reveal-

ing universal features of nonequilibrium dynamics across a wide variety of quantum many-body

models [5–7].

Beyond ground-state criticality, interacting quantum many-body systems may also exhibit

singular behavior at finite energies in their excitation spectrum, known as excited-state quantum

phase transitions (ESQPTs). These transitions are associated with nonanalyticities in the density

of states and with qualitative changes in the structure of excited eigenstates, reflecting a reorga-

nization of the underlying classical phase space in the semiclassical limit. Unlike conventional

quantum phase transitions, ESQPTs do not require tuning an external control parameter across

a critical point, but instead emerge as a function of energy, providing a natural bridge between

spectral properties and nonequilibrium quantum dynamics [8].

Taken together, equilibrium quantum phase transitions, DQPTs, and ESQPTs highlight com-

plementary facets of critical behavior in quantum many-body systems. While QPTs organize

qualitative changes of the ground state, DQPTs reveal sharp signatures of criticality in real-time

evolution, and ESQPTs expose singular structures in the excited-state spectrum that can underlie

such dynamical phenomena. This interplay suggests that spectral singularities and nonequi-

librium dynamics are deeply intertwined, calling for diagnostic tools capable of capturing how

quantum information and operator complexity spread across the many-body Hilbert space. Iden-

tifying such tools is essential for developing a unified understanding of criticality that transcends
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the equilibrium paradigm and naturally incorporates dynamical and spectral aspects on equal

footing [8, 9].

1.2 Quantum Complexity

In recent years, the notion of complexity has gained renewed prominence in quantum physics,

driven largely by developments at the interface between quantum information, quantum chaos,

and high-energy theory [10]. In particular, studies of black hole dynamics and holography have

revealed that conventional observables, such as correlation functions or entanglement entropies,

may be insufficient to fully characterize the long-time evolution of strongly interacting quantum

systems. This has led to the proposal that quantum complexity, loosely defined as a measure of

how difficult it is to prepare or describe a quantum state starting from a simple reference, plays a

fundamental role in understanding information scrambling, thermalization, and the emergence

of semiclassical spacetime in holographic settings.

Motivated by these developments, the notion of complexity has gradually permeated the study

of quantum many-body systems, where it has become closely intertwined with ideas of quantum

chaos, thermalization, and information scrambling [11]. In this context, particular attention has

been devoted to diagnostics capable of capturing the sensitivity of quantum dynamics to pertur-

bations and the rapid spreading of initially localized information across many degrees of freedom.

Prominent examples include out-of-time-ordered correlators, which provide a quantitative probe

of operator growth and chaos, as well as bounds on information scrambling inspired by black

hole physics [12].

Despite their success in characterizing information scrambling and quantum chaos, many

of the existing diagnostics focus on specific aspects of the dynamics and do not provide a di-

rect measure of how complex a quantum state becomes under time evolution. Quantities such

as out-of-time-ordered correlators probe the growth of operators, while entanglement measures

quantify the buildup of nonlocal correlations, but neither directly tracks the progressive explo-

ration of Hilbert space by the evolving quantum state itself. This limitation has motivated the

search for alternative frameworks capable of capturing the dynamical buildup of complexity in a

more global and physically transparent manner [11].

Among the various proposals put forward to quantify dynamical complexity, Krylov com-

plexity has recently emerged as a particularly insightful framework [13]. Originally formulated

in the context of operator dynamics, this approach is based on tracking how an initially simple

operator spreads under Heisenberg time evolution when expanded in an orthogonal basis gen-

erated iteratively by repeated commutation with the Hamiltonian. The resulting Krylov basis

provides a natural notion of distance in operator space, allowing one to quantify the growth of

complexity as a dynamical process. More recently, analogous constructions have been extended

to the Schrödinger picture, where Krylov complexity characterizes the spreading of quantum
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states under unitary time evolution [14]. In this thesis, we focus on this state-based formulation,

which offers a natural perspective for investigating nonequilibrium dynamics and its relation to

spectral critical phenomena.

Applications of Krylov complexity have already yielded significant insights into the dynami-

cal behavior of quantummany-body systems. In particular, its growth has been shown to display

distinct regimes depending on whether the underlying dynamics is chaotic or integrable, and to

encode information about operator spreading, spectral properties, and the onset of thermaliza-

tion. Moreover, recent studies have suggested that Krylov complexity can serve as a sensitive

probe of dynamical crossovers and critical behavior, highlighting its potential as a unifying di-

agnostic across different physical settings. For a comprehensive overview of the current state of

the art in Krylov complexity, we refer the reader to two recent reviews [10, 11].

1.3 Scope and Organization of the Thesis

The central goal of this thesis is to investigate how nonequilibrium quantum critical phe-

nomena are reflected in the dynamical growth of complexity in quantum many-body systems.

Building on the concepts of equilibrium and dynamical quantum phase transitions, as well as

excited-state quantum phase transitions, we explore Krylov complexity as a unifying diagnostic

capable of linking spectral properties, real-time dynamics, and qualitative changes in state evo-

lution. By focusing on the Schrödinger-picture formulation of Krylov complexity, this work aims

to elucidate how dynamical signatures of criticality emerge from the underlying structure of the

many-body spectrum.

This thesis is organized as follows:

• In Chapter 2, we introduce the quantum many-body model used as a testbed to show the

results. We discuss their equilibrium properties and spectral structure, with particular em-

phasis on excited-state quantum phase transitions and the role of critical energies.

• Chapter 3 is devoted to nonequilibrium quantum dynamics. We analyze quantum quench

protocols that give rise to dynamical quantum phase transitions, highlighting the emer-

gence of nonanalytic behavior in time-evolved quantities and its relation with excited-state

quantum phase transition.

• In Chapter 4, we present the formalism of Krylov complexity. We introduce the Lanczos

construction for both quantum operators and states and discuss how the resulting com-

plexity encodes information about dynamical regimes and spectral properties.
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• The main results of the thesis are presented in Chapter 5, where Krylov complexity is em-

ployed as a diagnostic tool for dynamical and excited-state quantum criticality. Connec-

tions between dynamical quantum phase transitions and excited-state critical phenomena

are explored.

• Finally, Chapter 6 summarizes the main findings of this thesis and outlines possible direc-

tions for future research.
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Chapter 2

The Lipkin-Meshkov-Glick model

In this chapter, we explore important characteristics of the Lipkin-Meshkov-Glick (LMG)

model [15–17] that will be used to show our results in the last chapter. After presenting the

hamiltonian, we firstly discuss general facts regarding spin systems with permutational symme-

try. After we particularize the discussion deriving the classical LMG hamiltonian and discussing

important features as the classical phase space, ground-state and excited state quantum phase

transitions.

2.1 The fully connected transverse field Ising model

Consider the so-called fully connected transverse field Ising model (FCTFIM) described by the

following hamiltonian

Ĥ = − J

4N

N∑
i,j=1

σ̂zi σ̂
z
j +

h

2

N∑
i=1

σ̂xi . (2.1)

where σ̂x,y,zi are the Pauli local operators of the i-th spin. This model describes a set of N spins-

1/2 with all-to-all ferromagnetic interaction of strength J > 0 in the ẑ direction and a transverse

magnetic field with strength h along the x̂ direction. Because all the spins are connected to each

other with equal strength, this hamiltonian describes a system with infinite-range interaction,

also referred in the literature as collective systems. Experimental realizations will be listed in the

section 2.7. Throughout this thesis, we will always consider N even and positive h and J .

As it will become clearer along this chapter, it is convenient to express the hamiltonian (2.1)

in terms of collective spin variables Ŝx,y,z =
∑N

i=1 σ̂
x,y,z
i /2, taking it to the form

1

Ĥ = − J
N
Ŝ2
z + hŜx. (2.2)

This hamiltonian expressed in terms of collective spin variables corresponds to a particular case

of the well known Lipkin-Meshkov-Glick (LMG) model [15–17]. The LMG model was proposed

1
Note that this substitution also produces a constant term stemming from the diagonal terms of Ŝ2

z , however we

choose to neglect it for now.
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in the 1960’s in the context of nuclear physics as being a toy model of N fermions distributed in

two levels separated by energy ϵ with each level being N -fold degenerate and described by the

hamiltonian

ĤLMG =
1

2
ϵ
∑
p,σ

σâ†pσâpσ +
1

2
V
∑
p,p′,σ

â†pσâ
†
p′σâp′−σâp−σ +

1

2
W
∑
p,p′,σ

â†pσâ
†
p′−σâp′σâp−σ (2.3)

where â†pσ (âpσ) denotes the creation (annihilation) operator for a particle in the state p of the σ

level and V andW denote the strength of the interactions. The term proportional to V scatters

a pair of particles in the same level to the other one and the term proportional to W scatters

a particle up while scatters another particle down. As each particle has only two available lev-

els, it is convenient to map the hamiltonian into another using Pauli matrices by the following

prescription

Ŝ+ =
∑
p

â†p+1âp−1 (2.4a)

Ŝ− =
∑
p

â†p−1âp+1 (2.4b)

Ŝz =
1

2

∑
p,σ

σâ†pσâpσ (2.4c)

which allows to rewrite the hamiltonian in the form

ĤLMG = ϵŜz +
1

2
V (Ŝ2

+ + Ŝ2
−) +

1

2
W (Ŝ+Ŝ− + Ŝ−Ŝ+). (2.5)

In the particular case V = W , it reduces to

ĤLMG = ϵŜz + 2V Ŝ2
x (2.6)

that corresponds to the hamiltonian (2.2).

It is evident that the hamiltonian (2.1) has permutation invariance of theN spin-1/2 particles

and in what follows we explore this property to characterize its subspaces. We refer the appendix

A for a short introduction to the permutation group and some concepts which shall appear in the

next subsection.

2.1.1 Permutation invariance in a hamiltonian of N particles
2
If a quantum system is invariant under all permutations of its particles, then given its hamil-

tonian Ĥ , one verifies that PĤP−1 = H for all P ∈ SN . It implies that P is a constant of motion,

2
This subsection is strongly based on the reference [18].
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since

d

dt
P = −i[P,H] +

∂P

∂t
= 0, ∀P ∈ SN . (2.7)

and therefore there are N ! conserved quantities. However, as two permutations in general do

not commute, we cannot simultaneously assign numerical values for the action of all P ’s on any

state. The existence of constants of motion which do not commute can be then a sign that the

system is degenerate. Thus, in order to differentiate the degenerate states, we must seek another

function χ of the P ’s such that PχP−1 = χ, ∀P .
One possibility is χC =

∑
P ′∈C P

′
, the sum of all permutations in a given conjugacy class C,

since PχCP
−1 =

∑
P ′∈C PP

′P−1
yields exactly the same terms only summed in a different order.

Hence, upon this choice, there will be one χ for each conjugacy class and no independent χ else,

since any function of the P ’s is reducible to a linear combination of the P ’s and thus will not

commute with every P unless the coefficients of conjugate P ’s are all the same. An alternative

expression for χ is χ(PC) = (N !)−1
∑

P PPCP
−1

now with the sum over the entire group SN .
Since the similarity transformation only rearranges the numbers, keeping the cycle-type of PC

the same, then χ(PC) still involves only the permutations in the same conjugacy class. In other

words, if P and Q are conjugate permutations, then χ(P ) = χ(Q).

Now we have a novel set of operators {χ1, χ2, · · · , χp(N)} such that [χi, P ] = 0 for all P

and χi by construction. Since there is one χ for each conjugacy class of SN , thus the number

of χ’s is the number of integer partitions of N , p(N). One way to know how the eigenstates of

H transform under the action of the χ’s is the following: the product of any two χ’s, χpχq, is

expressible as a linear function of the P ’s and since every χ commutes with every P , then it must

be expressible as a linear function of the χ’s, i.e.,

χpχq = a1χ1 + a2χ2 + · · ·+ ap(N)χp(N) (2.8)

with ai being numbers. For each solution of the equation above, we have a representation of SN
and an exclusive set of states. First, every group has the trivial representation in which χi = I, ∀i
and that corresponds to permutation invariant states. It means that given the common eigenstates

ofH and {χi}i, |E,χ⟩, then these states obey the equation P |E,χi = I⟩ = 1|E,χi = I⟩. Second,
another natural representation of SN is the sign representation that corresponds to the states

satisfying the relation P |E,χi = ±I⟩ = (−1)R(P )|E,χi = ±I⟩ in which the sign depends if P

is even or odd. Finally, the group SN always has a representation that is reducible and given

by the direct sum of the trivial representation and another representation of dimension N − 1,

with this latter one given by matrices whose columns has exactly one element being 1 and all

the others elements being 0. Just to mention, the antisymmetric and symmetric subspaces of the

sign representation constitute the two most important representations as they describe fermionic

and bosonic systems respectively. In what follows, we particularize the discussion to spin-1/2
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hamiltonians.

2.1.2 N spin-1/2 hamiltonians and the Dicke subspace

Let us start by recalling that the Hilbert space of a N spin-1/2 system, which we denote by

HN , can be constructed starting with one spin and successively adding spins one by one until

the N -th is added. For example, for two spins, in the usual (S2, Sz) common basis, we have

one antisymmetric singlet state (total spin j = 0 representation) and three symmetric triplet

states (total spin j = 1 representation) [19]. The process of successively adding more spins

is schematically sketched in Fig. 2.1 below. From top to bottom, one spin is added at once as

indicated in the right most column by the number N . The numbers in each cell denotes the

spin-j representation and the number in brackets is the dimension (2j+1) of the representation.

It is clear that the sum of all dimensions in the same row yields the dimension of the Hilbert

space, which is 2N . The arrows indicate how the irreducible spin-s representations split into two

irreducible spin |j − 1/2| and (j + 1/2) representations upon adding a new spin. Notice that

the dimension of one representation, when splitted upon the addition of a new spin-1/2, doubles

from 2j + 1 to [2(j − 1/2) + 1] + [2(j + 1/2)] = 2(2j + 1).

As argued in the previous subsection, since we always have a representation in which all

the eigenstates of H are symmetric under permutations, then these states naturally lie in the

same subspace. The representation with the largest total spin in each row of Fig.2.1 (marked

with a box) is the totally symmetric one, i.e. states lying in this representation are eigenstates

of {χ1, · · · , χp(N)} with eigenvalue equal to one. This totally symmetric subspace is called Dicke
subspace, whose dimension isN +1 and corresponds to the total spin-N/2 irreducible represen-

tation. In general, the representations of the remaining cells are not spanned by the eigenstates of

{χ̂i}i. In this thesis, we do not proceed with the discussion of these other nonsymmetric spaces,

however it is important to mention that they must be taken into account when one deals with

thermal density matrices.

One can prove that symmetric states under permutation are eigenstates ofS2
with eigenvalues

N
2

(
N
2
+ 1
)
and for this we follow the demonstration in [20]. Let

|N+⟩ =
(
N

N+

)1/2

P |↑ · · · ↑↓ · · · ↓⟩ (2.9)

be the normalized permutation invariant state of N elementary spins with N+ up spins called

Dicke state, where P = 1
N !

∑
p∈SN

p acts as a projection operator into the Dicke subspace. Since

we have N+ ∈ {0, · · · , N}, thus there are N + 1 independent states parametrized by N+ with

this symmetry. Now, given the operator S2 =
∑N

i,j=1 Si · Sj , its off-diagonal terms act on direct
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Figure 2.1: Hilbert space sectorization of a N spin-1/2 system starting with one

spin (top row) and adding one additional spin at each row. Each cell represents one

subspace of the Hilbert space with fixed number of particles (indicated in the left

most column), and total spin j given by the first number in each cell. The number

in brackets is (2j + 1), the dimension of the subspace. All of these subspaces are

mutually orthogonal. The sum of dimensions of each subspace in the same row

amounts 2N , the dimension of the Hilbert space of N spin-1/2 particles. The last

cell in each row (boxed) denotes the totally symmetric, permutation invariant, Dicke

subspace of N spins. Figure taken from Ref.[20].

product states of two spins |si, sj⟩, with si, sj ∈ {↑, ↓} as

Si · Sj|si, sj⟩ =
1

4

2|si, sj⟩ − |si, sj⟩, si ̸= sj

|si, sj⟩, si = sj
(2.10)

where s is obtained by flipping s, that is, ↑ =↓ and ↓ =↑. Note that the number of up and down

spins is not changed under the action of Si · Sj , either for a pair of parallel or antiparallel spins.
For the diagonal terms of S2

, we use the fact that |si⟩ is an eigenstate of S2
i with eigenvalue

1
2

(
1
2
+ 1
)
. Thus, we have

S2|N+⟩ = S2

(
N

N+

)1/2

P |↑ · · · ↑↓ · · · ↓⟩ (2.11)

=

(
N

N+

)1/2

P

[
N
1

2

(
1

2
+ 1

)
+
∑
i ̸=j

Si · Sj
]
|↑ · · · ↑↓ · · · ↓⟩

=

[
N
1

2

(
1

2
+ 1

)
+N(N − 1)

1

4

](
N

N+

)1/2

P |↑ · · · ↑↓ · · · ↓⟩

=
N

2

(
N

2
+ 1

)
|N+⟩,
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then proving that Dicke states in Eq.(2.9) belong to the spin-N/2 representation. As we consider

j = N/2 in the LMG model (2.2) for the derivation of our results in the last chapter of this thesis,

then we can say the LMG model is equivalent to the Dicke subspace of the FCTFIM (2.1).

2.2 The classical LMG hamiltonian

Until this point, we handled with two sets of quantum states, namely, we started with the

2N -dimensional Hilbert space HN = ⊗NC2
of the FCTFIM described by the hamiltonian (2.1).

Then we introduced the (N + 1)-dimensional Dicke subspace DN ∼= ℓ2(ZN+1), whose relation

with the previous one is

HN ⊃ DN , (2.12)

where the subscript N indicates the number of spins. This reduction in dimensionality from 2N

toN+1 is one of the key features that makes this system particularly appealing, as it significantly

simplifies its computational simulation. For example, in many situations one is interested in the

time evolution of the ground state, which is symmetric under particle exchange and thus lies

entirely within the Dicke subspace. Moreover, since the LMG Hamiltonian commutes with the

spin operator Ŝ2
for all values of J and h, then Ĥ does not mix subspaces with different total

spin momentum j, thus the time evolution of any state initially in the Dicke subspace remains

confined to it. Therefore, simulations can be restricted to this subspace without loss of generality

in such cases.

Now we show that there is an approximate mapping of the hamiltonian (2.1) on DN to a

system of a fictitious particle described by the effective hamiltonian

Hcl(q, p) = −h+ h
q2 + p2

2
− J q

2

8
(4− q2 − p2), (2.13)

where (q, p) ∈ [−2, 2] are position and momentum variables respectively. Furthermore, the

variables (q, p) satisfy the relation q2 + p2 ≤ 4, thus defining a spherical phase space

M = S2 = {(q, p) ∈ R2 | q2 + p2 ≤ 4}. (2.14)

In the TL, this effective mapping becomes exact, i.e., it is possible to show that the expectation

value of operators ⟨Ô⟩ is given by [20, 21]

⟨Ô⟩ = Ocl +O(1/N) (2.15)
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where Ocl follows from the classical equations of motion of Hcl. Thus, we have the final pictoric

relation between the three sets of states

HN ⊃ DN N→∞−−−→ S2. (2.16)

To derive the classical LMG hamiltonian, we start with the hamiltonian (2.1)

Ĥ = − J

4N

N∑
i,j=1

σ̂zi σ̂
z
j +

h

2

N∑
i=1

σ̂xi . (2.17)

We then introduce the rescaled collective spin operators ŝx,y,z = Ŝx,y,z/N , which are intensive

quantities whose expectation values remain of orderO(1) in the large-N limit. In terms of these

rescaled operators, the Hamiltonian becomes

Ĥ = −NJŝ2z +Nhŝx. (2.18)

The rescaled spin operators ŝα obey the commutation relations

[ŝx, ŝy] =
i

N
ŝz (2.19)

indicating that 1/N plays the role of an effective Planck constant, ℏeff = 1/N . Hence, the ther-

modynamic limit N → ∞ coincides with the usual semiclassical limit ℏeff → 0 [20, 22]. This

correspondence justifies the use of semiclassical methods throughout this thesis in the TL. More

significantly, it underpins the exactness of the mean-field factorization in the LMG model: as the

system size grows, quantum correlations and fluctuations diminish, and the dynamics become in-

creasingly classical. Consequently, the mean-field approximation becomes exact in the large-N

limit.

Consider the intensive collective spin variables ŝ = (ŝx, ŝy, ŝz) now defined in the TL,

ŝ = lim
N→∞

1

N
(Ŝx, Ŝy, Ŝz). (2.20)

Let us also define the average magnetization vector in the TL as

M = (X, Y, Z) = lim
j→∞

1

j
(⟨Ŝx⟩, ⟨Ŝy⟩, ⟨Ŝz⟩). (2.21)

It is straightforward to show that this vector lies on the unit sphere, since

M2 = lim
j→∞

1

j2

(
⟨Ŝx⟩2 + ⟨Ŝy⟩2 + ⟨Ŝz⟩2

)
= lim

j→∞

1

j2
j(j + 1) = 1. (2.22)
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This implies

d

dt
M2 = 0, (2.23)

i.e., M2
is a conserved quantity. Naturally, this conservation follows directly from the fact that

the total spin operator Ŝ2
commutes with the LMG Hamiltonian. Due to the quantities ⟨ŝx,y,z⟩

are also restricted to a sphere, we can parametrize its expected values using spherical coordinates

in the form

⟨ŝx⟩ =
1

2
sin θ cosϕ (2.24a)

⟨ŝy⟩ =
1

2
sin θ sinϕ (2.24b)

⟨ŝz⟩ =
1

2
cos θ. (2.24c)

Thus, the energy per spin in the TL, according to equation (2.18), is given by

Hcl(θ, ϕ) =
⟨H⟩
N

= −J⟨ŝz⟩2 + h⟨ŝx⟩ = −
J

4
cos2 θ +

h

2
sin θ cosϕ (2.25)

wherewe have used Eq. (2.15) to justify the first equality and themean-field factorization ⟨ÂB̂⟩ =
⟨Â⟩⟨B̂⟩. Given a certain energy ϵ, thenHcl(θ, ϕ) = ϵ defines the classical energy shell of the phase

space. Note that Hcl(θ, ϕ) is the same hamiltonian of a classical top [23, 24], thus interestingly

when we sum the magnetization of each spin of LMG model, in each direction, and takes the

average per spin in the TL, this vector behaves exactly like a classical top, in other words, a

vector on a sphere.

Finally we can also introduce position and momentum generalized coordinates (q, p) using

the canonical prescription [25]

⟨Ŝx⟩
j

=
q2 + p2

2
− 1 (2.26a)

⟨Ŝz⟩
j

=
q

2

√
4− q2 − p2 (2.26b)

with q and p restricted to the interval [−2, 2] and rewrite the hamiltonian (2.18) in the form

Hcl(q, p) = −h+ h
q2 + p2

2
− J q

2

8
(4− q2 − p2). (2.27)

It is a well-known fact that classical Hamiltonians can capture quantum properties, but never all

of them. However, the LMG model is quite a favorable case because:

• The Hilbert space collapses into a single collective spin.



2.3. Equations of motion and Bloch sphere 15

• The semiclassical limit is controlled, since two parameters of the system (N and the local

total spin s = 1/2) defines the TL and are connected to ℏ.

• As we will see in this chapter, the critical phenomena of our interest have a clear interpre-

tation in terms of classical orbits and separatrix.

Once we have the classical Hamiltonian in terms of q and p, we can study equilibrium and non-

equilibrium properties.

2.3 Equations of motion and Bloch sphere

Time evolution in the LMG model implies to study the trajectory described by the collective

spin in the sphere S2
. Equations for the time evolution of the collective spin M can be obtained

by means of the Ehrenfest theorem. Given the expected value of any quantum operator, ⟨Â⟩, the
Ehrenfest theorem states that

d⟨Â⟩
dt

= −i⟨[Â, Ĥ]⟩. (2.28)

For instance, in the case of the LMG model, if ⟨Â⟩ = X defined on Eq. (2.21), we have

dX

dt
=

d

dt
lim
j→∞

1

j
⟨Ŝx⟩ (2.29)

= lim
j→∞

1

j

d

dt
⟨Ŝx⟩

= lim
j→∞

1

j
− i⟨[Ŝx, Ĥ]⟩

= lim
j→∞

1

j
− i
〈[

Ŝx,−
J

N
Ŝ2
z + hŜx

]〉
= lim

j→∞

J

2j2
i
〈[
Ŝx, Ŝ

2
z

]〉
= lim

j→∞

J

2j2
i
〈[
Ŝx, Ŝz

]
Ŝz + Ŝz

[
Ŝx, Ŝz

]〉
= lim

j→∞

J

2j2

(〈
ŜyŜz

〉
+
〈
ŜzŜy

〉)
= lim

j→∞

J

2j2
2
〈
Ŝy

〉〈
Ŝz

〉
= JY Z (2.30)
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where we have used the mean-field fatorization. Analogously, the equations of motion for the

collective spin variables in the TL are:

dX

dt
= JY Z (2.31a)

dY

dt
= −(h+ JX)Z (2.31b)

dZ

dt
= hY. (2.31c)

Because themean-field factorization is employed, the equations above are often calledmean-field

equations.

These equations can be solved numerically by choosing initial conditions, corresponding to

the initial quantum state of the dynamics |ψ0⟩ = |ψ(t = 0)⟩, giving as output the corresponding
trajectory of the averaged magnetization vector. The equation (2.22) reveals that for any initial

condition, the trajectory of M is restricted to the surface of the sphere X2 + Y 2 + Z2 = 1, the

so-called Bloch sphere [26]. In the TL, the quantum states living on this sphere can be written

in terms of the notorious Bloch coherent states. Although, by definition, a phase space involves

only the generalized coordinates (q, p), this classical manifold S2
parametrized by the average

magnetizations (X, Y, Z) is also referred as phase space in the literature due to the direct relation

betweenM and the expectation value of ŝ, namely, ⟨ŝ⟩ = M/2.

Equations (2.31) allow for a qualitative analysis of the system through trajectories on the

Bloch sphere, making it possible to distinguish between oscillatory behavior, stationary regimes,

and precessional trajectories associated with different values of the magnetic field h. Just by

numerically solving the mean-field equations, we can note some aspects from the dynamics of

the collective spinM. Given some initial state, we note that the higher is the h value, the longer

is the trajectory of the collective spin through the Bloch sphere. This evolution is illustrated

graphically (see Fig. 2.2) and anticipates the behavior that will later be reflected by the Krylov

complexity. As we will see in Chapter 5, Krylov complexity faithfully captures these dynamical

differences.

2.4 Phase space and quantum phase transition

One way to probe the structure of the phase space of the classical LMG model is by looking

for its stationary points. We begin by writing the Hamilton equations, namely

dq

dt
=
∂Hcl(q, p)

∂p
= p

(
J

4
q2 + h

)
(2.32)

dp

dt
= −∂Hcl(q, p)

∂q
= q

[
J

4
(4− 2q2 − p2)− h

]
. (2.33)
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Figure 2.2: Trajectories in the Bloch sphere of the collective spin in the TL for

different values of magnetic field h, J = 1 and the same initial state |ψ0⟩ = | ↑⟩z .
For increasingly higher values of h, the trajectory of the collective spin becomes

longer in the Bloch sphere.

Imposing that q̇ = 0 and ṗ = 0, we get three solutions for J > 0

(q, p) = (0, 0) (2.34a)

(q, p) = (±
√
2(J − h)/J , 0). (2.34b)

At this point, it is worth emphasizing that all stationary solutions are of the form (q, p) = (Q, 0)

giving rise to two qualitatively distinct regimes: J ≤ h and J > h.

For J ≤ h, there is only the stationary point (q, p) = (0, 0) whose energy is ϵ ≡ Hcl(0, 0) =

−h. A simple analysis of the second derivatives reveals that it corresponds to a minimum point,

precisely the ground-state when J ≤ h. Looking at equations (2.26a) and (2.26b), one can see

that this ground-state has maximal projection in the −x̂ direction. In other words, when J ≤ h,

the term in the hamiltonian proportional h dominates and fixes the collective spin antiparallel to

the magnetic field in the ground-state, defining a paramagnetic phase.

By contrast, when J > h, firstly there are two stationary points with q = ±
√

2(J − h)/J
respectively. Clearly, since Hcl(q, p) = Hcl(−q, p), these two points are degenerate with the

energy ϵ = −(h2+J2)/2J and they correspond to the ground-state for J > h after an analysis of

second derivatives. Furthermore, unlike the unique ground-state in the paramagnetic phase, these

two degenerate ground-states display finite average magnetization in both x̂ and ẑ directions,
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Figure 2.3: Orbits in the phase space of the classical LMG model for J = 1 and

different values of h. The small numbers appearing over the lines in each panel

correspond to the energy of the orbit. When J > h (upper panels), two ground-

states appear along with a trajectory that seems to cross itself. When J ≤ h (lower

panels), there is only one ground-state and the phase space resembles the phase

space of a harmonic oscillator.

thus defining a ferromagnetic phase in the system. Additionally, one third stationary point is

found at (q, p) = (0, 0), however the second derivatives reveal that it is a local maximum with

energy ϵ = −h.
Figure 2.3 shows a portrait of the classical phase space for different values of h, with J = 1.

Each line represents a contour for a given energy Hcl(q, p) = ϵ, with the corresponding en-

ergy indicated along the curve within the figure. For J ≪ h, the term proportional to h from

the Hamiltonian dominates, yielding Hcl ≈ −h + h(q2 + p2)/2, and the phase space resembles

that of a harmonic oscillator as h increases, featuring a unique ground state at (q, p) = (0, 0).

This behavior is illustrated in the bottom panels of Figure 2.3. On the other hand, the term

proportional to J in the Hamiltonian introduces distortions in the phase space relative to the

harmonic oscillator behavior. For 0 < h ≤ J , the ground state becomes doubly degenerate, lo-

cated at (q, p) = (±
√

2(J − h)/J, 0), and an unstable fixed point (local maximum) appears at

(q, p) = (0, 0), giving rise to a heteroclinic orbit that seems to cross itself (see the upper right

panel of Figure 2.3) [27, 28]. This heteroclinic orbit, whose energy is ϵc = −h, functions as a sep-
aratrix in phase space: for ϵ < ϵc, trajectories are trapped within either the left (q < 0) or right
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sides (q > 0), depending on the initial condition. If there is no such constraint (ϵ > ϵc), the trajec-

tories can explore the entire available phase space. The origin of this separatrix is attributed to

the so-called excited-state quantum phase transition (ESQPT) [8], a particularly intriguing phe-

nomenon that makes the LMG model one of the richest toy models — a topic we explore in the

next section. See the appendix B for an analysis of trajectories behavior near the unstable point.

The two regions of the parameter space, J < h and J ≥ h, define two different magnetic

phases of the system as mentioned above: in the former, the ground-state is unique and has

maximal projection in the x̂ direction and in the last phase the ground-state is two-fold degenerate

and has finite projection along the interaction direction ẑ. The transition point h = J marks a

second-order ground-state phase transition (QPT) described by the order parameter ⟨ψ0|Ŝz|ψ0⟩
[27, 29], which we discuss below.

2.4.1 The Z2 symmetry: spin flipping invariance

The symmetry responsible for the QPT in the LMG model is a discrete symmetry, referred

in different ways in the literature: Z2 symmetry, spin-flip symmetry or parity symmetry [7, 27].

Let us clarify each of these names. Looking at the FCTFIM hamiltonian (2.1), one can see that its

expression remains unchanged if we flip the direction of each spin along ẑ direction, i.e., if we

make the transformation σ̂zi → −σ̂zi for each i. This change is equivalent to make Ŝz → −Ŝz
in the collective version (2.2) of the hamiltonian. This invariance under flipping of spins along ẑ

is naturally called spin-flip symmetry. On the other hand, the name Z2 symmetry refers to the

fact that the operations of identity and inversion in the context of group theory form the group

Z2 and the LMG hamiltonian is invariant under its action along ẑ direction. Finally, the name

parity symmetry is quite common in particle physics contexts and it is usually related to spatial

inversion ẑ → −ẑ, producing the same effect as the spin-flip symmetry in this case.

The transformation Ŝz → −Ŝz can be realized by a rotation around the x axis of π. Thus, the

symmetry operator which represents this transformation is

Π̂ = e−iπŜx =
N∏
i=1

e−i
π
2
σ̂i
x . (2.35)

and acts on each collective spin according to

Π̂ŜzΠ̂
−1 = −Ŝz, Π̂ŜyΠ̂

−1 = −Ŝy, Π̂ŜxΠ̂
−1 = Ŝx. (2.36)
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After expanding the exponential,

e−i
π
2
σ̂i
x =

]∞∑
n=0

(
−iπ

2
σix

)n 1

n!
(2.37)

= I − iπ
2
σix +

(
−iπ

2

)2 1
2

(
σix
)2

+
(
−iπ

2

)3 1

3!

(
σix
)3

+ · · ·

= I + σix

[
−iπ

2
+
(
−iπ

2

)3 1

3!
+
(
−iπ

2

)5 1

5!
+ · · ·

]
+

[(
−iπ

2

)2 1

2!
+
(
−iπ

2

)4 1

4!
+ · · ·

]
= I − i sin

(π
2

)
σix + cos

(π
2

)
= I − iσix.

and neglecting the identity I , since it commutes with every operator, we can represent this op-

eration in the reduced form:

Π̂ =
N∏
i=1

σ̂ix. (2.38)

Note that the factor −i multiplying σix in the last line of Eq. (2.37) can be seen as a global phase

factor, which does not change observables and can be omitted as well. By construction, it is evi-

dent that [Π̂, Ĥ] = 0 for all J and h values, implying that these operators can be simultaneously

diagonalized by the same eigenvectors.

As mentioned above, for J ≤ h the ground-state is unique |ψ0⟩ = |←⟩ and has maximal

projection along −x̂ direction, that is, ⟨ψ0|Ŝx|ψ0⟩ = −j, hence

⟨Ŝz⟩ = 0, for J ≤ h. (2.39)

In this case, the ground-state is symmetric as it satisfies Π̂|ψ0⟩ = |ψ0⟩. Conversely, in the ferro-

magnetic phase (J > h) and TL, there are two ground states, |ψ+
0 ⟩ and |ψ−

0 ⟩. For instance, for
h = 0, we have |ψ+

0 ⟩ = |↑⟩z and |ψ−
0 ⟩ = |↓⟩z , which are the states in the Bloch sphere such that

⟨Ŝz⟩ = ±j respectively. Interestingly, although the hamiltonian in this phase remains symmetric

under Π̂, the ground-states spontaneously break the symmetry, since

Π̂|ψ±
0 ⟩ = ±|ψ∓

0 ⟩ (2.40)

and, as mentioned previously, since in the ferromagnetic phase the ground-states display finite

magnetization along ẑ, then

⟨Ŝz⟩ ≠ 0, for J > h. (2.41)

It turns out that the quantity ⟨ψ0|Ŝz|ψ0⟩ works as an order parameter for the QPT in the LMG
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Figure 2.4: Total magnetization Sz of the ground-state as a function of the magnetic

field strength h for J = 1. This quantity is the order parameter of the QPT in the

LMG model: in the ferromagnetic phase (h < J ), the ground-state breaks the Z2

symmetry and displays (a) positive finite magnetization or (b) negative finite mag-

netization, since the ground-state if two-fold degenerate in this phase. On the other

hand, in the paramagnetic phase (h ≥ J ) the ground-state preserves the symmetry

and displays null total magnetization. As N = 2j increases, the non-analytic point
approaches the critical point h = J . Inset: the numerical derivative of the mag-

netization w.r.t. h, showing a divergent behavior and an approaching to the actual

critical point as N increases.

model, revealing itself finite for J > h and null for J ≤ h (see the figure 2.4). The transition

between these behaviors is such that the derivative of ⟨ψ0|Ŝz|ψ0⟩ w.r.t. h for fixed J diverges at

the critical point h = J in the TL, as illustrated in the inset of the same figure. This divergence

is the hallmark of any QPT.

It is important to highlight that these mentioned facts hold only in the TL. For finite N and

J > h, the ground-state is no longer degenerate, even for h = 0 [30]. Because the system has

finite size, the quantum fluctuations couple the ground-states by allowing tunneling between

them. Hence, the actual ground-state becomes the symmetric linear combination

|ψS0 ⟩ =
1√
2
(|↑⟩+ |↓⟩) , (2.42)

and the first excited state the antisymmetric linear combination

|ψA1 ⟩ =
1√
2
(|↑⟩ − |↓⟩) (2.43)



22 Chapter 2. The Lipkin-Meshkov-Glick model

for h = 0 as an example. The gap between the energy of these two states decays exponentially

with the system size [30, 31]

∆ ∼ e−aN . (2.44)

Note that both of these two linear combinations are eigenstates of Π̂ and therefore for finite N ,

the ground-state preserves the Z2 symmetry. Moreover, in the TL the quantum fluctuations are

suppressed, the gap between the ground-state and the first excited-state goes to zero and the

system is forced to choose between one of the states {|ψ+
0 ⟩, |ψ−

0 ⟩}, consequently breaking the

symmetry.

The Z2 character of the parity operator Π̂ is reflected in its eigenvalues, which takes only the

values {±1}. Accordingly, the eigenstates of the Hamiltonian can be labeled as {|En, α⟩}, with
associated eigenvalues {En,α}, satisfying3

Ĥ|En, α⟩ = En,α|En, α⟩, (2.45a)

Π̂|En, α⟩ = α|En, α⟩, (2.45b)

where α = ±1 denotes the parity and n indexes the energy levels possessing well-defined Π̂

symmetry. The effect of the commutation relation between Ĥ and Π̂ on the Hilbert space is

separating each j-sector into two orthogonal subspaces. For example, the LMG Hamiltonian

takes the form

Ĥ =

(
H+ 0

0 H−

)
. (2.46)

where H+ is the subspace of states with positive parity (α = 1) and dimension N/2 + 1 and

H− is the subspace of states with negative parity (α = −1) and dimension N/2. In each two-

dimensional parity subspace spanned by {|En,+⟩, |En,−⟩}, the matrix representation of Π̂ takes

the simple form

Π̂ =

(
1 0

0 −1

)
, (2.47)

2.5 Energy spectrum, density of states and excited state quan-

tum phase transition

The LMGmodel reveals itself even more interesting when we look at the higher energy levels.

In this section, we review features regarding excited states in order to show the LMG model ex-

hibits one additional critical phenomenon called excited state quantum phase transition (ESQPT)

3
Except for the ground-state in the TL of the ferromagnetic phase.
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Figure 2.5: j-normalized energy levels of the LMG hamiltonian, Eq. (2.2), as a func-

tion of h for J = 1 andN = 2j = 40. From bottom to top, each line corresponds to

the increasingly ordered energies {E0(h), E1(h), · · · , EN+1(h)} respectively. One
can see that in the ferromagnetic phase (h < J) all the eigenstates of the hamil-

tonian with energy E < Ec(h) are doubly degenerate, where Ec(h) is a certain

energy value depending on h. The inset makes easier the visualization by zooming

in a region of splitting of energy levels. In the TL,Ec(h) = −h, precisely the energy
of the separatrix orbit.

[8].

2.5.1 Effective double-well potential and sign symmetry

The figure 2.5 shows the j-normalized energy spectrum of the hamiltonian (2.2) as a function

of h for J = 1 and N = 2j = 40. The lines from bottom to top correspond to the ground-states

and excited states energies in increasing order respectively. The inset in the same figure zooms

in a small region of the spectrum and highlights an interesting feature of the LMG hamiltonian:

in the whole ferromagnetic phase (h < J ), we see splitting of doubly degenerate eigenstates of

the hamiltonian at a certain value of energy as a function of h. In other words, one can verify

that not just the ground-state but all the eigenstates of the hamiltonian with energy E < Ec(h)

are doubly degenerate, where Ec(h) is a certain energy value depending on h.

In the large-N regime, a numerical analysis of the energy spectrum reveals that the depen-

dence with h of this transition energy between doubly and uniquely degenerate eigenstates is

Ec(h) = −h, which is precisely the energy ϵc = −h in the TL of the separatrix orbit mentioned

above in the section 2.4 [9, 32]. In fact, the change of degeneracy is related to the unstable point

in the phase space. Let us prove this fact.
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Figure 2.6: Shape transition in the effective potential from a double-well (left panel)

in the ferromagnetic phase (h < J) to single-well shape (right panel) in the para-

magnetic phase (h ≥ J). The ground-state degeneracy changes from double to

unique by crossing the QPT critical point h = J . Also, eigenstates with energy E
less than the potential barrier’s hight located at q = 0 in the ferromagnetic phase

gets trapped either in one of the wells, thus having its magnetization sign conserved

(see Eq.(2.26b)).

By separating quadratic and quartic terms in the classical hamiltonian, Eq. (2.27), one can

rewrite it in the form

Hcl(q, p) =
p2

2M(q)
+ Veff(q) (2.48)

where

M(q) =

(
h− J

4
q2
)−1

(2.49)

Veff(q) =

(
h− J
2

)
q2 +

J

8
q4 − h, (2.50)

this hamiltonian can be seen as that one of a classical particle with position-dependent mass

M(q) =
(
h− J

4
q2
)−1

in the effective double-well potential Veff(q) =
(
h−J
2

)
q2 + J

8
q4 − h. For

J > 0, the analysis of its minima was done in the section 2.4: for h < J , the effective potential

has two minima at p = 0 in the positions q∗± = ±
√

2(J − h)/J , which can be found by solving

the equation
dVeff
dq

= 0 and proceeding with the analysis of the second derivative sign. Besides

these two minima, there is a third singular point at q∗ = 0, which, however, is a local maximum

point (unstable point) in the ferromagnetic phase, revealing the double-well shape of Veff. On

the other hand, for h ≥ J , there is only one real solution of the equation
dVeff
dq

= 0 as described

previously at (q, p) = (0, 0), but now this point is a global minimum of Veff. Thus, as mentioned

before, the critical point h = hc = J marks a pitchfork bifurcation in the ground-state phase

diagram ⟨Ŝz⟩ × h for fixed J (see figure 2.4 containing only one branch of the bifurcation) and a

shape transition of the classical landscape from double to single-well as illustrated in Fig. 2.6.

Thus, when the system energy is ϵ < ϵc, the classical particle does not have enough energy

to cross the central barrier of the double-well potential. It therefore remains trapped in one of
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the wells and the phase space becomes topologically disconnected, that is, initial conditions in

each side cannot access the other one. In contrast, for ϵ > ϵc, the particle can overcome the

barrier and explore the whole available phase space. Since the average magnetization ⟨Ŝz⟩ is
proportional to q [Eq. (2.26b)], the sign of ⟨Ŝz⟩ remains fixed along classical trajectories whenever

ϵ < ϵc, being always positive or negative depending on the initial conditions. In other words,

sign(Q(t)) = sign(Z(t)) is conserved during the dynamics. In terms of the Bloch sphere, the

Bloch vector M has its precession restricted to one of the hemispheres depending on the initial

conditions when ϵ < ϵc. For ϵ = ϵc, the Bloch vector touches the Equator line and for ϵ > ϵc, it is

allowed to explore both hemispheres.

From the quantum perspective, this classical separation of phase space corresponds to the

existence of states that are localized in each well. These localized states are the building blocks of

the symmetric and antisymmetric combinations discussed in the previous section. Recovering the

notation of the last section, a priori the states {|En,+⟩, |En,−⟩} are, then, delocalized states, that
is, states spreaded through both wells without definite sign(Z), which means that each |En, α⟩
must be a linear combination of states localized in one of the wells. The ground-state in the TL,

however, is a special state, since the suppression of the quantum fluctuations makes the system

choose one of these localized states, thus breaking the symmetry Π̂.

Motivated by the conservation of sign(Z), the authors in [9, 32] introduced the heuristic

operator

Ĉ = sign(Ŝz), (2.51)

which commutes only with the Hamiltonian projected onto its subspaces where E < Ec,

[Ĥ, Ĉ] N→∞, E<Ec−−−−−−−−→ 0. (2.52)

This means that Ĉ is a partial symmetry of the LMG model and it is the one responsible for

making all the eigenstates with E < Ec doubly degenerate, thus proving the initial assertion. In

this sense, if the operator Ĉ is responsible for identifying in which well the state is localized, then

given generic localized states |Ln⟩ and |Rn⟩, as mentioned above

|En,±⟩ =
|Rn⟩ ± |Ln⟩√

2
(2.53)

and thus

|Ln⟩ =
|En,+⟩ − |En,−⟩√

2
, |Rn⟩ =

|En,+⟩ + |En,−⟩√
2

. (2.54)
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Figure 2.7: j-normalized energy levels of the parametrized LMG hamiltonian, Eq.

(2.57), as a function of h for N = 2j = 40. The parametrization fixes the critical

energy at Ec = 0. The inset helps the visualization of the splitting of levels in the

region E = 0.

Now, because the operator Ĉ must satisfy Ĉ|Ln⟩ = −|Ln⟩ and Ĉ|Rn⟩ = +|Rn⟩, then

⟨En,±|Ĉ|En,∓⟩ = 1 (2.55)

and therefore, in the parity-Π̂ basis, the operator Ĉ has the matrix form

Ĉ =
(
0 1

1 0

)
. (2.56)

The eigenvalues of Ĉ in the localized basis {|Ln⟩, |Rn⟩}must be identified using a different quan-

tum number, let us choose β, since this symmetry is independent of Π̂. Due to the matrix form

of Ĉ, we have again β ∈ {±1}, making Ĉ be another Z2-type symmetry operator. For all values

of J and h such that J > h, while the symmetry Π̂ is broken only by the ground-state in the TL,

the symmetry Ĉ is broken by those eigenstates of Ĥ in the TL only in the range En > Ec, ∀n.
The character of genuine symmetry of Ĉ is questionable for two reasons: (i) the operator Ĉ

commutes with Ĥ only in a certain region of the spectrum and (ii) taking the sign of an operator

is a highly nonlinear and non-smooth operation, thus not allowing a representation of Ĉ in terms

of unitary or anti-unitary operators as expected from a symmetry operator. Thereby, Ĉ is more

like an emergent symmetry of the semiclassical problem and not a fundamental symmetry of the

quantum LMG hamiltonian, Eq.(2.2). Finally, it is interesting to note that one can eliminate the

dependence of Ec with h by parametrizing the LMG hamiltonian only in terms of h in the form

Ĥh = −4
1− h
N

Ŝ2
z + h

(
Ŝx +

N

2

)
. (2.57)
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Figure 2.8: Histogram of the energy eigenvalues as a function of the j-normalized

energy for N = 800 and different values of h. Using the parametrized version of

the LMG model [Eq. (2.57)], a sharp peak appears at E/j = 0 corresponding to the

critical energy of the ESQPT. In the TL, this peak becomes a logarithmic divergence

in the DOS.

Upon this parametrization, which replaces J for 1−h, the critical energy remains fixed atEc = 0

and the energy spectrum has the form of the Fig. 2.7. This version of the LMG model appeared

several times in the literature, e.g. in [25, 33, 34], and will be used later in this thesis.

2.5.2 Density of states and period of the separatrix orbit

The instability point in the ferromagnetic phase has important consequences for the density

of states (DOS) and other properties of the model. One way to probe the DOS is by constructing

a histogram of the eigenvalues of the LMG Hamiltonian. As shown in Fig. (2.8), a pronounced

peak emerges at an energy that coincides with the unstable point of the classical phase space.

In the TL, this peak turns into a logarithmic divergence, which constitutes the hallmark of the

excited-state quantum phase transition (ESQPT) in the model [27]. An elegant theoretical frame-

work for ESQPTs in systems with an arbitrary number f of degrees of freedom and unrestricted

Hamiltonian functionsH(q,p) was developed in Ref. [35] (see also Ref. [8]), and forms the basis

of the discussion presented here.

The quantum level density for a system with discrete energy spectrum is defined by

ν(E) =
∑
i

δ(E − Ei) (2.58)

where δ is the Dirac distribution and E0 ≤ E1 ≤ · · · are the energy eigenvalues. The density of

levels can always be written as the sum [36]

ν(E) = ν(E) + νosc(E) (2.59)

with ν(E) being the component which captures themean energy dependence of ν(E) and νosc(E)
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being oscillatory component with mean zero which includes the effects of the quantum fluctua-

tions. In the semiclassical limit, the oscillatory component becomes infinitely rapid and is washed

out under arbitrarily weak energy smoothing. Consequently, we focus exclusively on the smooth

part of the level density, that can be determined by the Weyl approximation calculating the size

of the accessible phase space at a given energy [36]

ν(E) =

(
1

2πℏ

)f ∫
d2fz δ(E −H(z)) =

∂

∂E
Ω(E) (2.60)

where z = (x,p) is a 2f -dimensional vector containing f -dimensional vectors of coordinates q

and momenta p andH(z) is the classical Hamiltonian of the system. Since the Dirac distribution

can be written as the derivative of the Heaviside step function, then ν(E) is the derivative of the

volume function Ω(E) =
∫
H(z)≤E d2fz, which measures the volume of the phase space region

satisfying H(z) ≤ E.

The component ν(E) can develop non-analytic points even for analytical classical Hamilto-

nian forms at the points where the constant energy hypersurface crosses a stationary point ofH .

Indeed, one sees often in the literature the argument that ν(E) shall develops non-analyticities

since the Dirac delta can be rewritten using the identity

δ(χ(z)) =
∑
i

δ(z− z0i)

|∇nχ(z0i)|
(2.61)

where χ(z) is any function satisfying χ(z0i) = 0, that is, {z0i}i are the roots of χ and∇n stands

for the n-dimensional gradient
4
. Thereby, it would appear in the integration of Eq. (2.60) the in-

verse gradient 1/|∇2fH|, which produces non-analyticities in the stationary points z∗ = (q∗,p∗)

where ∇2fH(z∗) = 0. Although the vanishing of the gradient at stationary points is invoked

heuristically, the true origin of the non-analytic behavior lies in the change of topology of the

classical energy surface, which we clarify below.

Once again we can split the component ν(E) isolating the local behavior ofH near a certain

stationary point z∗ from the rest of the available phase space by writing

ν(E) = νreg(E) + νz∗(E). (2.62)

The irregular part νz∗ contains integration over a small phase space neighborhood of the station-

ary point and captures all non-analytic behavior of ν(E) due to the stationary point. The regular

part νreg(E) contains the integration over the rest of the accessible phase space and yields an

analytic contribution to ν(E). Thus, it is sufficient to analyze the properties of the irregular to

study the singularities in the level density.

4
This notation can be tricky. For example, note that∇2 is not the laplacian ∇2

.
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A stationary point z∗ is non-degenerate if the Hessian matrix of the second derivatives, with

elements Hij(z
∗) = ∂2H

∂zi∂zj

∣∣∣
z∗
, has no zero eigenvalues. In this case, the Morse lemma [37] guar-

antees that close to z∗, one can choose coordinates y such that

H(y) = H(z∗)− y2
1 − · · · − y2

r + y2
r+1 + · · ·+ y2

2f . (2.63)

The equation above is simply an expansion of the Hamiltonian function near the point z∗ trun-

cated in the second order term. The term r is called index of the stationary point and corresponds

to the dimension of the subspace of positive eigenvalues of the Hessian matrix, while s = 2f − r
corresponds to the dimension of the subspace of negative eigenvalues. Note that the negative

terms correspond to directions in the phase space contributing to decrease the energy and the

positive terms to increase the energy.

Substituting the local Hamiltonian [Eq. (2.63)] in the Weyl approximation [Eq. (2.60)], one

gets two distinct results in terms of ϵ = E − Ec [35]: for r even (including r = 0), it yields

νz∗(ϵ) = f1(ϵ) +
c1ℏ−f√
detH(z∗)

(−1)r/2 Θ(ϵ) ϵf−1
(2.64)

where f1 is a non-singular function and c1 is a positive constant. Note that the derivatives of ν

from order zero until f − 2 are continuous at ϵ = 0, but the presence of the step function makes

the (f − 1)-th derivative discontinuous

df−1νz∗

dEf−1
∝ (−1)r/2Θ(ϵ). (2.65)

For r odd, we have the formula

νz∗(ϵ) = f2(ϵ) +
c2ℏ−f√
detH(z∗)

(−1) r+1
2 ϵf−1 ln |ϵ|, (2.66)

where again f2 is a non-singular function and c2 a positive constant. As in the previous case, ν

is continuous until the (f − 2)-th derivative and the non-analyticity appears in the (f − 1)-th

derivative, now exhibiting a logarithmic divergence

df−1νz∗

dEf−1
∝ (−1) r+1

2 ln |ϵ|. (2.67)

The LMGmodel falls out in this last case. As shown in the appendix B, the Hessian matrix has

two eigenvalues, one negative and one positive, such that the expanded Hamiltonian [Eq. (2.63)]

reads

H(y) = H(z∗)− q2 + p2 (2.68)
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where z∗ = (0, 0) are the (q, p) coordinates of the saddle point. Then, we see that r = 1 in this

particular case. Thus, the Weyl approximation for the LMG model is

ν(ϵ) =

∫
dq dp δ(ϵ+ q2 − p2). (2.69)

By means of the identity in Eq. (2.61):

δ(f(p)) =
∑
i

δ(p− pi)
|f ′(pi)|

(2.70)

where χ(z) ≡ f(p) = ϵ+ q2 − p2 and whose roots are p± = ±
√
q2 + ϵ, we can write

δ(ϵ+ q2 − p2) = 1

2
√
q2 + ϵ

[
δ(p−

√
q2 + ϵ) + δ(p+

√
q2 + ϵ)

]
. (2.71)

Integrating over p ∫
dp δ(ϵ+ q2 − p2) = 1√

q2 + ϵ
. (2.72)

Finally, it remains the integral

ν(ϵ) =
1

2πℏ

∫ Λ

−Λ

dq√
q2 + ϵ

=
1

πℏ

∫ Λ

0

dq√
q2 + ϵ

(2.73)

with Λ being the boundary of the interval on which the local quadratic expansion of H holds.

The integral yields

ν(ϵ) =
1

πℏ

[
ln
(
Λ +
√
Λ2 + ϵ

)
− ln

(√
ϵ
)]
. (2.74)

The asymptotic behavior close to Ec corresponds to |ϵ| ≪ Λ. After expanding

√
Λ2 + ϵ = Λ+O(ϵ), (2.75)

we finally obtain the logarithmic divergence of ν close to Ec

ν(E) ∼ 1

πℏ

[
ln(2Λ)− 1

2
ln |E − Ec|+O(ϵ)

]
. (2.76)

As mentioned above, the physical origin of the non-analytic behavior in ν(E) lies in the

change of topology of the classical energy surface. When one crosses the critical energy Ec,

an abrupt connection occurs between the two previously unconnected sectors of phase space.

This connection causes an abrupt change in the volume function Ω(E), which is captured by the
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derivative in Eq. (2.60).

The period of the classical orbit with energy Ec shall also be a marker of the ESQPT, since

these two quantities are directly linked. The classical action of a certain orbit with energy E in

a 1D system is given by

S(E) =

∮
p(q;E)dq. (2.77)

The Bohr-Sommefeld quantization rule imposes that for a given energy level En

S(En) = 2πℏ
(
n+

1

2

)
. (2.78)

Differentiating the equation above, we have

dS

dE

dEn
dn

= 2πℏ. (2.79)

But the first derivative is precisely the period of the orbit

dS

dE
=

∮
dp(q, E)

dE
dq =

∮
dq

q̇
= T (E) (2.80)

where it was used that the condition H(q, p(q;E)) = E implies that
∂H
∂p

∂p
∂E

= 1 and also the

Hamilton equation q̇ = ∂H
∂p

. The second derivative,
dEn

dn
, measures the spacing between quantum

levels and the quantum level density, ν(E), is precisely the inverse of that

ν(E) =
dn

dE
=
T (E)

2πℏ
. (2.81)

Therefore, if ν(E) diverges at E = Ec, the period T (E) of the separatrix orbit must diverge as

well. See [24, 38] for explicit and exact calculations of the period in the LMG model.

2.6 Generalized microcanonical ensemble

A central assumption underlying conventional statistical mechanics is that the equilibrium

properties of many-body systems are determined by a small set of conserved quantities, typically

restricted to the total energy. Under this assumption, generic quantum systems are expected

to thermalize and be described by standard statistical ensembles, such as the microcanonical or

canonical ensemble. However, this paradigm breaks down in the presence of additional con-

straints, most notably in integrable quantum systems, which possess an extensive number of

conserved quantities that strongly restrict their accessible phase space.
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The relevance of generalized ensembles extends beyond strictly integrable models and plays

an important role in understanding equilibration in systems with constrained or fragmented

Hilbert spaces [39–41], including collective quantum models with emergent symmetries and

macroscopic degeneracies. In this direction, Corps and Relaño [32] identified the important sym-

metries in the LMG model and derived a generalized microcanonical ensemble (GME) which

describes exactly the long-time stationary properties, thereby stabilishing a connection between

two important phenomena: dynamical phase transitions (DPT) and the ESQPT. Moreover, by

considering a minimal set of symmetry assumptions, which are fulfilled by a broad class of quan-

tum many-body systems with infinite-range interactions, Corps and Relaño [9] showed that the

crossing of the critical energy is a necessary condition for the emergence of DPTs. We reproduce

in this section the GME for the LMG model and cover the connection between DPT and ESQPT

in the next chapter.

As the authors emphasize in Ref. [32], although all numerical results in the paper concern the

LMG model (the FCTFIM restricted to the Dicke subspace), their theory is applicable to a broad

class of collective quantum systems fulfilling the following assumptions: Given a Hamiltonian

Ĥ(λ) depending on some experimentally controllable parameter λ, then

1. There is a discrete Z2 symmetry represented by an operator Π̂ with eigenvalues α = ±1
satisfying [Ĥ(λ), Π̂] = 0, ∀λ, which allows to classify the eigenstates of Ĥ according to

Π̂|En, α⟩ = α|En, α⟩. Examples of this symmetry are the spin-flip symmetry Ŝz → −Ŝz
in the LMG model and the symmetry â→ −â in Rabi and Dicke models [42].

2. There is a critical value λ = λc, which marks a QPT and separates two ground-state phases.

For λ < λc, the ground-state is two-fold degenerate in the TL (the pair of states with

different parity |E0,+⟩, |E0,−⟩ has the same energy) and breaks the symmetry Π̂. For

λ > λc, the ground-state is unique and preserves the symmetry Π̂. In the LMG model, the

first phase is the ferromagnetic ordered phase and the second phase is the paramagnetic

phase.

3. In the ordered phase, λ < λc, some properties of the ground-state are extended to some

excited states with energyE0 < E < Ec. For exemple, all the eigenstates of Ĥ with energy

E < Ec are two-fold degenerate in the TL, but the eigenstates with E > Ec are unique.

These two new phases are separated by a critical energy Ec which marks a singularity in

the DOS. The nature of this singularity depends on the semiclassical limit of the system.

For systems with only one semiclassical degree of freedom, the singularity is typically a

logarithmic divergence.
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If a closed quantum system reaches an equilibrium state representing an equilibrium ensem-

ble, this state is necessarily equal to the infinite-time average of the real time-evolved wavefunc-

tion [43]. Consider the time evolution of an initial state, |ψ0⟩

|ψt⟩ =
∑
i,α

ci,αe
−iEi,αt|Ei, α⟩ (2.82)

where ci,α = ⟨Ei, α|ψ0⟩. The equilibrium ensemble represented by the long-time averaged den-

sity matrix is

ρeq = lim
T→∞

1

T

∫ T

0

|ψt⟩⟨ψt| dt (2.83)

=
∑
i,j

∑
α,β

lim
T→∞

1

T

∫ T

0

ci,αc
∗
j,βe

−i(Ei,α−Ej,β)t |Ei, α⟩⟨Ej, β| dt.

The integral above is usually evaluated using the diagonal approximation. It consists of elim-

inating all the terms for which Ei,α ̸= Ej,β , since they contribute to the integral with fastly

oscillating terms, thus averaging to zero. However, for the class of systems we are considering,

the degeneracies play special role. Below the critical energy Ec, the eigenvalues of Ĥ are degen-

erate in pairs (Ei,+ = Ei,−) and therefore, the corresponding non-diagonal terms remain after

the integration. On the other hand, above the critial energy Ei,+ ̸= Ei,− and only diagonal terms

contribute to the average. Thereby, the equilibrium state is qualitatively different in both regions

of the spectrum

ρ̂eq(E < Ec) =
∑
i, k

Ei<Ec

|ci,k|2|Ei, k⟩⟨Ei, k|+
∑
i

Ei<Ec

ci,+c
∗
i,−|Ei,+⟩⟨Ei,−|+ h.c. (2.84a)

ρ̂eq(E > Ec) =
∑
i, k

|ci,α|2|Ei, k⟩⟨Ei, k|. (2.84b)

where k = ±1 are the eigenvalues of Π̂.
BelowEc, the degenerate parity doublets support a nontrivial internal structure. A consistent

description of the stationary state therefore requires the inclusion of the operator Ĉ in the gen-

eralized ensemble describing this region of the spectrum. However, the noncommuting charges

Π̂ and Ĉ are not sufficient to completely specify the stationary state, since there is an additional

continuous degree of freedom associated to the relative phase between {|En,+⟩, |En,−⟩}. Note
that the Π̂ acts as σ̂z [Eq. (2.47)] and Ĉ acts as σ̂x [Eq. (2.56)] in the degenerate parity subspace.

The missing part is another charge which acts as σ̂y to close the internal su(2) algebra. For this
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reason, Corps and Relaño [32] postulated the operator
5

Q̂ =
i

2
[Ĉ, Π̂]. (2.85)

Similarly to Ĉ, Q̂ commutes onlywith Ĥ projected on the regionEn < Ec. Given that Π̂|En,±⟩ =
±|En,±⟩ and Ĉ|En,±⟩ = |En,∓⟩, one can show that Q̂|En,±⟩ = ±i|En,∓⟩. Therefore, within
each degenerate parity doublet, ⟨Π̂⟩ measures the population imbalance between even and odd

sectors, corresponding to the z-component of an effective Bloch vector, while ⟨Ĉ⟩ and ⟨Q̂⟩ give
information about the relative phases, corresponding to the x and y components of an effective

Bloch vector.

One can think that is necessary two different ensembles to describe the equilibrium state of

the model, implying that the transition between the two regions separated by Ec is ill defined.

However, we can connect the two parts by defining global operators

∼C = IE<Ec Ĉ IE<Ec (2.86)

∼Q = IE<EcQ̂ IE<Ec (2.87)

where IE<Ec =
∑

n θnPn, Pn is the projector onto the subspace with energy En and θn = 1 if

E < Ec or θn = 0 if E > Ec. In this form, ⟨∼C⟩ and ⟨∼Q⟩ are equal to ⟨Ĉ⟩ and ⟨Q̂⟩ respectively
below the critical energy and identically equal to zero above it.

While the infinite-time averaged density matrix provides an exact description of the station-

ary state of a closed quantum system, it remains strongly dependent on microscopic details of

the initial condition, as it retains the full set of overlaps with the energy eigenstates. As such,

this object does not yet constitute a statistical ensemble in the thermodynamic sense. In order

to obtain a universal description of equilibration, it is necessary to perform a coarse-graining in

energy, replacing the exact diagonal ensemble by a statistical ensemble defined within a narrow

microcanonical window centered at the mean post-quench energy. This step is fully analogous

to the standard construction of equilibrium statistical mechanics and reflects the fact that, in the

thermodynamic limit, the energy distribution of the time-evolved state becomes sharply peaked.

In generic quantum systems, such a microcanonical description is sufficient to characterize

stationary properties. However, in the presence of macroscopic degeneracies associated with

emergent symmetries, as occurs below the critical energyEc in the LMGmodel, the microcanon-

ical ensemble alone fails to capture the internal structure of the degenerate subspaces. In this

regime, equilibration does not lead to a complete loss of coherence within each parity doublet,

and additional conserved quantities are required to fully specify the stationary state. This ob-

servation motivates the introduction of a generalized microcanonical ensemble (GME), which

5
We changed the original notation from K̂ to Q̂ in order to avoid confusion with the notation from chapter 4.
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supplements the energy constraint with additional charges encoding the internal SU(2) struc-

ture of the degenerate parity subspaces. As the authors in [32] argument, the simplest choice for

such an ensemble is

ρGME(E, p, c, q) = ρ̂ME ·
(

I + pΠ̂ + c
∼C +q ∼Q

)
(2.88)

where

ρ̂ME =
1

2(N+ +N−)

∑
n:|E−En|<∆E

|En,+⟩⟨En,+|+ |En,−⟩⟨En,−| (2.89)

denotes the usual microcanonical ensemble in which the parity doublets lie within a small energy

window centered on E and are equally populated irrespective of whether these parity doublets

are degenerate. The terms N± denote the number of parity doublets populated by the dynamics

above (N+) or below (N−) Ec. The numbers (p, c, k) are real parameters fixed by requiring that

Tr
[
ρGMEΠ̂

]
= ⟨Π̂⟩, Tr

[
ρGME

∼C
]
= ⟨∼C⟩ and Tr

[
ρGME

∼Q
]
= ⟨∼Q⟩. In the large-j limit, these values

can be deduced exactly

⟨Π̂⟩ = p, (2.90a)

⟨∼C⟩ = c
N−

N+ +N−
, (2.90b)

⟨∼Q⟩ = q
N−

N+ +N−
, (2.90c)

thus, allowing to calculate (p, c, q). We list some properties of the GME:

• For a state with En,k < Ec within the energy window, the matrix form of the GME in the

subspace spanned by {|En,+⟩, |En,−⟩} is

ρn(En,k < Ec) =
1

2

(
1 + p c− iq
c+ iq 1− p

)
. (2.91)

We see that Tr[ρ2n(En,k < Ec)] = (1 + p2 + c2 + q2)/2, so any physical state must satisfy

p2 + c2 + q2 ≤ 1.

• For a state with En,k > Ec within the energy window, the GME takes the diagonal form

ρn(En,k < Ec) =
1

2

(
1 + p 0

0 1− p

)
. (2.92)

• For a state with energy value lying outside the energy window, the GME is a null matrix

ρn = 0× I2.
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Symmetry Operator Condition of commutation with Ĥ

Spin-flip symmetry Π̂ = e−iπŜx
All values of E, J and h

Sign symmetry Ĉ = sign(Ŝz) E < Ec
Complex symmetry Q̂ = i

2
[Ĉ, Π̂] E < Ec

Table 2.1: Table of the relevant symmetries of the LMGmodel represented by oper-

ators which commute with the hamiltonian in the TL under the condition specified

in the third column.

• For the three cases above, in the parity basis {|E0,+⟩, |E0,−⟩, · · · , |EN−1,+⟩, |EN−1,−⟩},
the complete density matrix of the GME is the block-diagonal matrix given by ρGME =⊕

n ρn/Z , where Z = N+ +N− is a normalization constant.

We close this section summarizing the relevant symmetries of the LMG Hamiltonian in the table

2.1

2.7 Experimental realizations

Despite its origin as a theoretical many-body model, the LMG Hamiltonian has found multi-

ple avenues for experimental implementation and simulation across contemporary quantum plat-

forms. These experimental efforts serve both to probe fundamental aspects of collective quantum

behavior — including quantum phase transitions and dynamics — and to benchmark emerging

technologies such as noisy intermediate-scale quantum (NISQ) devices.

One of themost direct experimental routes to realize LMG-like dynamics uses ultracold atomic

ensembles coupled to optical cavities [44, 45]. In such systems, atoms confined in a high-finesse

cavity interact collectively via the cavitymode, inducing effective all-to-all spin interactions char-

acteristic of the LMG model. By tuning the detuning and driving parameters, the interaction

Hamiltonian can be engineered to interpolate between central-mode and LMG regimes, reveal-

ing ferromagnetic to paramagnetic crossovers and low-energy excitation structures reflective of

the underlying collective spin model. This experimental route allowed the observation of dynam-

ical phase transition in the LMG model [45], which will be covered in the next chapter.

More recently, the LMG model has also been investigated within the framework of quantum

computing, particularly through hybrid quantum–classical algorithms such as the Variational

QuantumEigensolver (VQE) [46]. In these experiments, the dynamics or spectral properties of the

LMGHamiltonian are digitally encoded into quantum circuits acting on a finite register of qubits,

rather than arising from intrinsic interactions of the physical system itself. The implementation

on neutral-atom quantum processor employed VQE to approximate ground-state properties of

the LMG model by mapping the collective spin Hamiltonian onto controllable atomic qubits and

engineering the corresponding unitary evolution through sequences of quantum gates. In this

sense, what is realized experimentally is not an analog physical system governed by an effective
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LMG interaction, but rather a digital simulation of the action of the LMG Hamiltonian on the

atomic degrees of freedom.

This distinction highlights the conceptual difference between analog quantum simulations,

where the target Hamiltonian emerges naturally from the system’s microscopic interactions, and

digital quantum simulations, where its effects are reconstructed algorithmically through gate-

based control. Despite current limitations imposed by finite system size and noise, such digital

simulations establish the LMGmodel as a valuable benchmark for variational algorithms and as a

testbed for exploring collective many-body physics on noisy intermediate-scale quantum (NISQ)

devices.

Still quite recently, the LMG model has been implemented in the context of analog quantum

simulation using superconducting circuits [47]. A particularly striking example is the use of a

single transmon qudit with d up to 9 levels to simulate its dynamics directly in hardware. In this

approach, effective evolution under the LMG Hamiltonian is engineered by moving to a rotated

frame in which continuous analog drives realize both local fields and collective spin-twisting

interactions. This allows the experimental observation of finite-size precursors of quantum crit-

icality, such as dynamical phase transitions, energy gap closing, Kibble-Zurek-like scaling, order

parameter statistics, and signatures of excited-state phase transitions, all without decomposing

the evolution into discrete quantum gates.

Finally, there are other theoretical proposals for experimental implementation, for example,

based on Bose-Einstein condensates by coupling dispersively a Bose-Einstein condensate (BEC)

to an optical cavity and using Feshbach resonance to have complete control of the physical pa-

rameters [48] or coupling the BEC to mechanical resonators [49]. These schemes also allows

the exploration of transitions between magnetic orderings and probing long-range interaction

effects. Experimental setups for dissipative versions of the LMG hamiltonian are also present in

the literature, which offers measurable signatures of the critical behavior, including that of the

spin-spin entanglement [50].
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Chapter 3

Dynamical Phase Transitions

In this chapter, we introduce the theory of the dynamical quantum phase transitions (DQPT),

giving an account of the most important concepts underlying these phenomena. Two variants

of this phenomenon are presented: DQPTs described in terms of Loschmidt functions (dubbed

as DPT-II) and DQPTs described in terms of equilibrium order parameters (dubbed as DPT-I).

Although we chose to cover firstly the DPT-II, the variant of our main interest is DPT-I. After

presenting the theory, we particularize the discussion on the LMG model and cover the connec-

tion between DPT-I and ESQPT.

3.1 Dynamical quantum phase transition

3.1.1 Global Quenches and Survival Amplitude

The theory described in this chapter finds application to quantum many-body systems de-

scribed by a Hamiltonian Ĥ(λ1, · · · , λM), which can depend on a set of externally controllable

parameters {λi}i, i.e., parameters that can be freely tuned in the experiment along the dynamics.

However, all the examples appearing in this thesis corresponds to the case when the set of pa-

rameters {λi}i consists of a unique parameter λ for simplicity. In our treatment, we will consider

this quantum many-body system very well isolated from its surrounding environment such that

its unitary dynamics can be satisfactorily realized in the laboratory.

One very important protocol widely used in the study of non-equilibrium dynamics is the

so-called global quench. It consists of preparing the system in a certain initial state |ψ0⟩ of the
hamiltonian H(λ0) ≡ H0 for an initial value of the parameter, λ = λ0. Afterwards, we make

a sudden change λ0 → λf in the parameter and we let the system to evolve under the new

hamiltonian Ĥ(λf ) ≡ Ĥf , such that, for t > 0 the future state will be (ℏ = 1):

|ψt⟩ = e−iHf t|ψ0⟩. (3.1)

In other words, what precisely defines the quench is when the sudden change in the hamiltonian

by the parameter from λ0 to λf happens instantaneously fast. This protocol quickly drives the
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system far from equilibrium if |ψ0⟩ is not an eigenstate of Ĥf [2], as it will be the cenario treated

throughout this text. The adjetive global in global quenches here referes to the fact that the sudden
change λ0 → λf is extensively appreciated by the system, that is, if we take a spin system, it

means that all spins in the lattice feels the quench at the same time. This protocol contrasts

with the local quenches, in which a smaller part of the system suffers the quench, a protocol also

widely studied [51, 52]. The hamiltonians Ĥ0 and Ĥf will be frequently refered as pre-quench

and post-quench hamiltonian respectively throughout this thesis.

When the initial state |ψ0⟩ lies in the ground-statemanifold of Ĥ0, an interesting phenomenon

called Dynamical Quantum Phase Transition (DQPT) can be triggered by the quench
1
[5, 53]. The

central quantity in the theory behind DQPT is the survival amplitude

A(t) = ⟨ψ0|ψt⟩ = ⟨ψ0|e−iHf t|ψ0⟩ (3.2)

also called return probability amplitude or Loschmidt amplitude in this context. In the expression

above, |ψ0⟩ is the ground state of the prequench hamiltonian Ĥ0 and Ĥf is the postquench hamil-

tonian. The survival amplitude has a formal connection with the canonical partition function, as

it shall be shown later. For this reason, if we recall that the canonical partition function, Z , is

linked to the Helmholtz free-energy F according to

Z = e−βF = e−βNf (3.3)

where β is the inverse of temperature and f = F/N is the free-energy per particle [54]. Then

we shall expect a scaling relation for the survival amplitude given by

A(t) = e−Nf(t) (3.4)

in which

f(t) = − lim
N→∞

1

N
log [A(t)] (3.5)

is called rate function and plays the role of a dynamical free-energy, since F is proportional to the

logarithm of Z in (3.3). From the equation above, we see that if ⟨ψ0| and |ψt⟩ become orthogonal

at a certain instant t′, then the unscaled rate function F (t′) = − log[A(t′)] diverges, exactly what

happens for equilibrium phase transitions. We will see along this chapter that ⟨ψ0| and |ψt⟩ being
orthogonal is not the only condition for occurring DQPTs.

The probability of return of |ψt⟩ to the ground-state is given by

L(t) = |A(t)|2 (3.6)

1
Here and from now on, quench will be used to mean global quenches. Other protocols will be left out of the

scope of this text.
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and it is called survival probability or Loschmidt echo in this context, having the same scaling

relation as the previous quantities,

L(t) = e−Nλ(t), (3.7)

with λ(t) = 2Re{f(t)}.
In the presence of discrete symmetries in the system, the ground-state may be degenerate.

In this case, the survival probability shall be generalized to include all the states spanning the

manifold to the form

L(t) =
ν∑
i=1

Li(t) =
ν∑
i=1

|⟨ψ0
i |ψt⟩|2 (3.8)

with ν being the degeneracy. This definition can also be generalized in terms of an integral

over the ground-state manifold in the presence of continuum symmetries [55]. It suggests that

the phenomenon of DQPT is linked to the return of |ψt⟩ to the ground-state manifold and not

uniquely one of the spanning states of this manifold.

Let us now give the precise definition of an DQPT. Typically, a DQPT is associated with a kink

in the rate function λ(t) at certain time instants called critical times, tc. The typical functional

behavior in the vicinity of the critical time, tc, is given by

λ(t) ∼
∣∣∣∣t− tctc

∣∣∣∣ . (3.9)

This behavior appears in several 1D systems, however, the manifestation of DQPT’s surprisingly

showed itself dependent of the dimensionality and some characteristics of the model. In 2D

systems different structures have been found, for example, in Chern insulators a sudden change

in the topology of the hamiltonian can induce DQPT with power-law nonanalyticities [56] and

in 2D Ising models one finds logarithmic singularities [57].

It is important to mention that nonanalytic real-time behavior of survival amplitudes has

been previously recognized already by Pollmann et. al, [58], but the interpretation as a dynamical

critical phenomenon was only first pointed out by Heyl et. al. in Ref.[53]. In order to explain how
the survival amplitude can give rise to a phenomenon that can be described as a phase transition,

we resort on the theory of Lee-Yang-Fisher zeros [59–61], which are the zeros of the complex

partition function.

3.1.2 Complex partition functions and Lee-Yang-Fisher zeros

We start by noting that the survival amplitude has a formal relation with a specific class of

partition functions called boundary partition function. Consider a system in equilibrium with

boundary conditions imposed on two ends with a distance z apart from each other. Then the
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boundary partition function is given by [62]

ZB = ⟨ψ1|e−zĤ |ψ2⟩ (3.10)

where |ψ1⟩ and |ψ2⟩ are the boundary conditions and Ĥ the bulk hamiltonian. Thus, the survival

amplitude is the boundary partition function in the particular case when z = it and |ψ1⟩ =

|ψ2⟩ = |ψ0⟩ and in this case the ket |ψ0⟩ plays the role of a boundary in time instead of space.

Once recognized this formal relation, we can now apply the standard method in the study of

phase transitions, namely, the extension to the complex plane.

Let us consider the survival amplitude now with t→ z = t+ iτ being a complex number:

A(z) = ⟨ψ0|e−iHz|ψ0⟩. (3.11)

In the case of finite systems, the survival amplitude is an analytical function. For a wide range

of quantum systems, such as spins systems and fermionic systems, this fact can be shown by

inserting the completeness of the energy basis in the expression above, which reads

A(z) =
∑
n

|⟨En|ψ0⟩|2e−iEnz. (3.12)

If the system is finite sized, then the sum above involve a finite number of analytic functions and

therefore yields an analytic function. Because A(z) is analytic, then the Weierstrass factoration

theorem allows us to write [63]

A(z) = eµ(z)
∏
j

(
1− z

zj

)
(3.13)

where zj are the roots of A(z) in the complex plane and µ(z) is an analytic function. As the

function µ(z) is analytic, then the singular part of the rate function [Eq. (3.5)] will be uniquely

due to the zeros of A(z) and given by

fs(z) = −
1

N

∑
j

log

(
1− z

zj

)
. (3.14)

Just as for the equilibrium phase transitions, the points zj are isolated points in the complex

plain for N < ∞, however as we increase the system size, these points accumulate in lines or

areas depending on the system characteristics [64] (see the figure 3.1 for an illustration). We see

that after the complexification in Eq.(3.10), if the complex parameter z = t, i.e., its imaginary

part is zero, then ZB will coincide with the survival amplitude, A(t). Therefore, a DQPT occurs

whenever the lines or areas of Fisher zeros cross the real time axis and this crossing point is

called critical time. A further characterization of the Fisher zeros can be devised firstly taking the
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Figure 3.1: Schematic illustration of Fisher zeros: (a)When the system is finite sized,

the zeros appear as points in the complex plain and (b) upon increasing the system

size, we can observe two different situations: the Fisher zeros can accumulate in

lines or areas and the DQPT occurs whenever these lines or areas cross the real

time axis. Figure inspired by Ref.[5].

thermodynamic limit (TL) in the singular part of the rate function. In the TL, the sum is replace

by an integral over some continuous variable x ∈ X ⊂ Rn

fs(z) = −
∫
X

dx log

(
1− z

z̃(x)

)
(3.15)

where the zeros zj now become a function of x, z̃(x). Performing a change of variable, we have

fs(z) = −
∫
z(X)

dz̃ρ(z̃) log
(
1− z

z̃

)
(3.16)

where the Jacobian determinant ρ(z̃) can be interpreted as the density of zeros in the complex

plain [64]. The integral can be extended to the whole complex plain setting ρ(z) = 0 if z /∈ z(X).

Interestingly, DQPT can be understood through an analogy with classical electrodynamics.

Consider the real part of fs(z),

λ(z) = Re{fs(z)} = −
∫

C
dz̃ρ(z̃) log

∣∣∣1− z

z̃

∣∣∣ . (3.17)

For z = x + iy with x, y ∈ R, log |z| is the Green function of the Laplacian ∆ = ∂2

∂x2
+ ∂2

∂y2
, that

is,

∆λ(z) = −2πρ(z). (3.18)

In analogy with electrodynamics, the real part of the dynamical free-energy can be interpreted

as an electrostatic potential, λ(z), which is produced by a charge density ρ(z) in two dimensions

and the problem of the behavior of the dynamical free energy in the critical points becomes the

problem of the behavior of the electrostatic potential in the surfaces. If the Fisher zeros coalesce
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Figure 3.2: Schematic illustration of a surface of Fisher zeros in the complex plain

separating two regions of different charge densities and the relevant coordinates

frame used to determine the behavior of λ(z) (Eq.(3.17)). Figure inspired by Ref.[66].

in lines, we can obtain the order of the phase transition directly from the density of zeros [65].

In the case of the Fisher zeros coalescing in areas, let us consider the situation depicted in Fig.

3.2, in which the density of zeros is ρ1(z) in the region I and ρ2(z) in the region II. We assume that

the respective electrostatic potentials λ1(z) and λ2(z) satisfy the Laplace equation (3.18), thereby

λ(z) =

λ1(z), z ∈ Iλ2(z), z ∈ II
(3.19)

and we focus in the intersection of the boundary with the real time axis t. Choosing the frame

x− y coordinate frame, the continuity of λ(z) implies that on the boundary

∂2

∂y2
λ1(z) =

∂2

∂y2
λ2(z). (3.20)

Making a change of variables

t =
x

cos(α)
+

y

sin(α)
(3.21)

y′ = y (3.22)

the Laplace equation then yields

(cosα)−2 ∂
2

∂t2
λi(z) + [1 + (sinα)−1]2

∂2

∂y′2
λi(z) = −2πλi(z) (3.23)
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and, hence

∂2

∂t2
[λ1(z)− λ2(z)] = −2π(cosα)2[λ1(z)− λ2(z)]. (3.24)

This equationmeans that if an area of Fisher zeros touches the real time axis, the second derivative

of the free energy is discontinuous.

3.1.3 DQPT in the Transverse Field Ising Chain

As we mentioned previously, nonanalytic real-time behavior of survival amplitudes had been

recognized already by Pollmann et. al, [58], however only three years later it was interpreted as

a dynamical critical phenomenon in Ref.[53], firstly in the Transverse-Field Ising model. Thus,

it turns out illuminating discuss the phenomenon in this specific model as it makes possible to

visualize what happens in the critical times in a microscopic level.

The authors in [53] considered the one-dimensional Transverse Field Ising model (TFIM) de-

scribed by the hamiltonian

H(g) = −1

2

N∑
i=1

σzi σ
z
i+1 +

g

2

N∑
i=1

σxi (3.25)

in the case with periodic boundary condition (PBC). It is well known that this model features

ferromagnetic order for |g| < 1 and paramagnetic order for |g| > 1 with a quantum phase

transition at the quantum critical point g = gc = 1 at zero temperature [4]. Using Jordan-Wigner

transformation, followed with Fourier transformation and Bogolyubov transformation [4], this

model can be mapped into a spinless free fermions model in the momentum space assuming a

diagonal form. This sequence of transformations yields the dispersion relation [4]

ϵk(g) =
√

(g − cos(k))2 + sin2(k). (3.26)

For a quench in the magnetic field from g0 to g1, the rate function can be analytically calculated

and it is given by [53]

fg0,g1(z) = −
∫ π

0

dk

2π
ln
[
cos2(ϕk) + sin2(ϕk)e

−2zϵk(g1)
]

(3.27)

where the Bogolyubov angles ϕk = θk(g0)− θk(g1) with the terms θk(g) defined by the equation

tan[2θk(g)] = sin(k)/(g − cos(k)), given that θk(g) ∈ [0, π/2]. The equation above ignores an

additive term zEGS(g1)/N that involves the ground state of H(g1), but vanishes in the TL.
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Figure 3.3: Line Fisher zeros for a quench within the same phase g0 = 0.4→ g1 =
0.8 (left) and across the quantum critical point g0 = 0.4→ g1 = 1.3 (right). Notice
that the Fisher zeros cut the time axis for the quench across the quantum critical

point, giving rise to nonanalytic behavior at t∗n (the times t∗ are marked with black

dots in the plot). Figure inspired by Ref.[53].

In the TL, the Fisher zeros accumulate in families of lines labeled by an integer n ∈ Z and

they are given by [53]

zn(k) =
1

2ϵk(g1)

[
ln
(
tan2 ϕk

)
+ iπ(2n+ 1)

]
, n ∈ Z. (3.28)

A thorough analysis of the equations (3.27) and (3.28) call the attention for the infrared (k = 0)

and ultraviolet (k = π) behaviour of the Bogolyubov angles

ϕk=0 =


0, quench in the same phase

π/4, quench to/from the quantum critical point

π/2, quench crossing the quantum critical point

(3.29)

ϕk=π = 0 (3.30)

and allow us to conclude that only for a quench crossing the quantum critical point, the Fisher

zeros cross the time axis, see Fig. 3.3, since
2

lim
k→0

Re[zn(k)] = − lim
k→π

Re[zn(k)] =∞ (3.31)

Therefore, the condition for the DQPT occurring in the TFIM, i.e., in order to have non-analytic

2
Note that in Ref.[53], the authors define the boundary partition function as in (3.11), but with the imaginary

unit i absorbed in the complex number z.
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behaviour in the rate function, the quench must cross the quantum critical point. In this cenario,

the short time expansion for the rate function of the return amplitude or probability breaks down

in the TL, which is analogous to the impossibility of the analytic extension for high temperature

expansions close to thermodynamic transition. The crossing points in the time axis of the Fisher

zeros, that is, the critical times are given by the expression [53]

t∗n = t∗
(
n+

1

2

)
, n ∈ Z (3.32)

where t∗ = π/ϵk∗(g1) and k
∗
determined by cos(k∗) = 1+g0g1

g0+g1
. The interpretation of the mode

k∗ follows from the fact that n(k∗) = 1/2 where n(k) is the occupation of the excited state

with k-mode in the eigenbasis of the postquench hamiltonian. Modes with k > k∗ have thermal

occupation (n(k) < 1/2) and modes with k < k∗ have inverted population (n(k) > 1/2) and the

mode k∗ corresponds to infinite temperature [67].

We now turn to analyze the behaviour of the system at the critical times in terms of spins.

The ground state of the hamiltonian (3.25) in the broken-symmetry phase (|g| < 1) is doubly

degenerate, which makes more appropriate to use the definition (3.8) instead of (3.6) for the

return amplitude. The return probability to the ground-state manifold will be given by

L(t) = L+(t) + L−(t) (3.33)

where Lη(t) = |⟨η|ψ(t)⟩|2 is the probability associated to the ground-state |η⟩ with positive

magnetization (η = +) or negative magnetization (η = −). More specifically, these ground-

states correspond to the states | ↑⟩⊗N and | ↓⟩⊗N respectively. Each of these probabilities feature

large-deviation scaling and can be written asLη(t) = exp[−Nλη(t)]with the rate functions λη(t)
being intensive functions, independent of the number of degrees of freedom N in the TL

3
. Due

to this exponential dependence on N , we have that L(t) is either dominated by L+(t) or L−(t),

such that

λ(t) = − 1

N
log[L(t)] = min

η
λη(t) (3.34)

when N → ∞ 4
. Thereby, before the critical time, t < t∗n, we have the dominance of one of the

rate functions over the other, until themomentwhen this dominance changes. This crossing point

marks the DQPT in the form of a kink [68]. This is the reason behind the population inversion in

the spin configuration at the critical time in the TFIM and guarantees the existence of an infinite

temperature mode k.

3
This fact is important, since it allows to use the finite-size experimental data to predict the behaviour of λ in the

TL. See [68] for an experimental realization with L = 10.
4
Remember that L(t) ∈ [0, 1] and therefore− log[L(t)] is a decreasing function in this interval. Hence, λ(t) will

be dominated by the min{λ+, λ−}, not the maximum.
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Figure 3.4: Work distribution function r(w, t) for several values of density of work
w. Notably, when w = 0, r(w, t) corresponds to the rate function λ(t) and domi-

nates over higher values of w. Its behaviour for w > 0 becomes smooth, playing

a similar role to the temperature in generic equilibrium phase diagrams. Figure in-

spired by Ref.[53].

Another quantity sensitive to the Fisher zeros is the work probability distribution following a

double quench protocol, which we now introduce. Suppose we prepare the system in the ground

state of H(g0), then we quench to H(g1) at t = 0 and afterwards we quench back to H(g0) at

some time t > 0. The amount of work performed on the system is given by the distribution

function

P (W, t) =
∑
j

|⟨Ej|ψ(t)⟩|2δ [W − (Ej − EGS(g0))] (3.35)

where the sum runs over the eigenstates |Ej⟩ ofH(g0) and |EGS(g0)⟩ is the ground state ofH(g0).

Such as the return probability, the work distribution function obeys large deviation scaling and

can written in the form P (W, t) ∼ e−Nr(w,t) with a rate function r(w, t) ≥ 0 depending on the

work density w = W/N . In the TL, the rate function r(w, t) can be analytically derived noting

that according to the Gärtner-Ellis theorem [69], it is the Legendre-Fenchel transform

r(w, t) = inf
R∈R

[c(R, t)− wR] (3.36)

where for the TFIM [53]

c(R, t) = −
∫ π

0

dk

2π
ln
[
1 + sin2(2ϕk) sin

2(ϵk(g1)t)(e
−2ϵk(g0)R − 1)

]
(3.37)

is the rate function c(R, t) of the cumulant generating function, i.e., c(R, t) = − 1
N
ln
[∫

dWP (W, t)e−RW
]
.
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The figure 3.4 shows r(w, t) for a quench across the quantum critical point. Interestingly, since

the DQPT is related to the probability of return of the system state to the initial state, then it

means a work performed on the system equal to zero, which implies P (0, t) = |A(t)|2. Thus, we
can think of thework distribution function as some kind of thermodynamic generalization ofL(t)
and hence r(w, t) as a thermodynamic generalization of λ(t) with the identity r(0, t) = λ(t). In

the figure 3.4 we see r(w, t) exhibiting the same kink structures at the critical times as expected

for λ(t). Since the work w plays a role similar to the temperature for the phase diagram of equi-

librium phase transitions, this is main reason for the authors in [53] call this phenomenon DQPT.

As a final remark, we discuss the possibility of observing DQPT when the quench starts at

the paramagnetic phase (h0 > 1) and ends in the ferromagnetic phase (h1 < 1) of the TFIM,

since in this situation, the initial ground-state is not degenerate. It turns out that all results above

carry over for this situation. Specifically, one finds the nonanalytic behavior in the Loschmidt

echo and thework distribution function for quenches from the paramagnetic to the ferromagnetic

phase. For quenches originating in the ferromagnetic phase, the Loschmidt echo calculated above

corresponds to working in the Neveu-Schwarz sector [70]. Experimentally, one derives the same

result in the thermodynamic limit as above when starting from either of the two degenerate

ferromagnetic ground states [71].

3.2 Order Parameters

A natural question is asking if there would exist some quantity that plays the role of an order

parameter displaying a clear relation with DQPTs, given some resemblance of this phenomenon

with equilibrium phase transitions. It has been found that a DQPT is typically accompanied by

a zero of the equilibrium order parameter, in this case being time dependent, and therefore a

periodic sequence of DQPTs with an oscillatory decay of the order parameter. Examples of this

coincidence of critical times with zeros of the order parameter are particular quenches in the XXZ

chain [72, 73], the O(N) model [55] and broken-symmetry Ising models [68]. In other cases, the

critical times are shifted from zeros or minima of order parameter by a constant factor as in TFIM

[53], the TFIM with power-law decaying interactions [74], the Bose-Hubbard model [75] and

the Fermi-Hubbard model [76]. However, in many others the relation between DQPT and order

parameters still remains elusive such as for some nonintegrable models [77].

Let us overview some of these examples, starting by the TFIM in continuity to the previous

section. The authors in [53] considered the total longitudinal magnetization

sz(t) =
〈
ψt

∣∣∣ 1
N

∑
i

σ̂zi

∣∣∣ψt〉, (3.38)
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which is the expected order parameter in this case for the same hamiltonian (3.25). It is well-

known that for quenches lying in the ferromagnetic phase, the order parameter decays exponen-

tially [78, 79], while for a quench across the quantum critical point, an oscillatory behavior is

overlaid on the exponential decay (see figure 3 from Ref.[53]). Ones notes that the behavior of

the magnetization remains analytical for all times and that the period of the oscillations exactly

agrees with the time scale t∗ of the critical times. A conjecture consistent with this observation

had been formulated already in Ref.[70].

One may want to study the behavior of the order parameter as a function of the quench

parameter instead of time. In this case, it is wise integrating the order parameter over time in

order to eliminate this variable. This process typically yields a Landau order parameter [80], i.e.,

a quantity which is finite in a certain interval of the quench parameter and zero in the rest of

the relevant values [38, 74, 81–87]. For instance, in the case of spin chains, the dynamical order

parameter is typically the long-time averaged magnetization

Sα = lim
T→∞

1

T

∫ T

0

⟨ψ(t)|Ŝα|ψ(t)⟩dt (3.39)

where Ŝα ∝
∑

i σ̂
α
i (α = x, y, z) is the total magnetization in α direction. The limit T →

∞ above is usually employed based on the expectation that the system relaxes into a quasi-

steady state and remain in this state for a long time, a typical phenomenon in quenched quantum

many-body systems called prethermalization [88–90]. In fact, this approach for the study of the

nonequilibrium dynamics after quenches in quantum many-body systems is at least as rich as

the phenomenon of DQPTs described in terms of the survival probability and along the years

has received the name DPT-I in order to differentiate it from the DPQTs, which has been dubbed

DPT-II, since it was discovered latter
5
.

The approach in terms of dynamical order parameters also brings at least three new under-

standings about the nonequilibrium dynamics after quenches [5–7]: (i) we can understand the

different quantitative regions of the dynamical order parameter as dynamical phases induced by

the quench analogously to equilibrium phases separated by equilibrium phase transitions [80],

(ii) the point separating the two dynamical phases has a clear physical meaning, namely, the

analogous to the equilibrium critical point which marks the minimum quench necessary to in-

duce a transition and (iii) we can ask about the existence of a symmetry which is dynamically

broken or restored when the dynamical critical point (DCP) is crossed.

For the case of the TFIM, the DCP, that is, the crossing point responsible for triggering the

DQPT, coincides with the equilibrium critical point [53]. In the past, one used to believe that this

connection between the DQPT and equilibrium QPT was a general aspect, however exceptions

started to appear [66, 74, 91–93] and nowadays DQPTs are understood as a unique phenomenon

5
As far as we know, this nomenclature was firstly adopted in Ref.[82].
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apart from QPTs [5, 6]. It means that for many models, the DCP does not coincide with quantum

critical point.

3.2.1 DPT-I in the LMG model

To investigate the DPT-I in the LMG model, we consider the parametrized Hamiltonian

Ĥh = −
1− h
N

Ŝ2
x − hŜz. (3.40)

which is slightly different of Ĥh from Eq. (2.57). For mathematical convenience, and since the

DPT is governed by the same separatrix mechanism and symmetry restoration, we adopt the

parametrization where the quadratic interaction acts along the x̂-direction, which allows for an

explicit analytical treatment without loss of physical generality inspired by Ref. [24]. We perform

quenches in the parameter h. In the classical limit, we introduce spherical coordinates,

X = sin θ cosϕ, Y = sin θ sinϕ, Z = cos θ, (3.41)

where the components (X, Y, Z) are defined in Eq. (2.21). In terms of these angular variables, the

resulting classical Hamiltonian per spin reads

Hcl(θ, ϕ) = −(1− h) sin2 θ cos2 ϕ+
h

2
(cos θ + 1) . (3.42)

As a dynamical order parameter, we consider the long-time average of the longitudinal mag-

netization,

X = lim
T→∞

1

T

∫ T

0

sin θ(t) cosϕ(t)dt, (3.43)

which will be the central quantity of interest in what follows. A substantial simplification arises

by restricting the analysis to initial conditions with ϕ = 0, a choice that will be adopted through-

out this thesis. In this case, the initial Bloch vector M(0) = (X(0), Y (0), Z(0)) lies entirely in

the x–z plane, since Y (0) = 0. In the TL, the Heisenberg equation of motion

dÔ

dt
= i[Ĥ, Ô] (3.44)

leads to a Landau–Lifshitz–like equation for the Bloch vector [82],

Ṁ = M× ∂H

∂M
. (3.45)

For ϕ = 0, bothM and ∂H/∂M lie in the x–z plane, implying that their cross product is always
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parallel to the ŷ direction. As a consequence, the plane Y = 0 constitutes an invariant subman-

ifold of the classical dynamics. Coherent states initialized with ϕ = 0 therefore evolve entirely

within this plane. Upon this choice, the dynamics becomes a problem described by

Hcl(θ) = −(1− h) sin2 θ +
h

2
(cos θ + 1), for ϕ = 0. (3.46)

As we are taking the TL, it is reasonable to invoke the double-well potential picture for the

analysis of the dynamics. Suppose the initial state is a ferromagnetic state and we quench the sys-

tem. As discussed in the previous chapter, if the post-quench energy of the system is smaller than

the critical energyEc, the average longitudinal magnetization Sx(t) = ⟨ψt|Ŝx|ψt⟩ as a function of
timewill display oscillations around its initial value Sx(0) and its long-time integration yields a fi-

nite value. On the other hand, if the post-quench energy of the system is greater thanEc, we shall

observe oscillations of Sx(t) around zero, since in this case the classical particle can overcome

the potential barrier. Thus, if the symmetry C = sign(Ŝx) is responsible for identifying in which

well the particle is localized, then from the first case (Ef < Ec) to the second one (Ef > Ec),

the quantity ⟨C⟩ must change abruptly from ±1, depending on the initial conditions, to zero
6
.

Therefore, it is clear that what is behind DPT-I in the LMG model is the breaking/restoration

of the symmetry C. There shall exist a critical dynamical point hdc for which h < hdc defines a

C-breaking phase and h > hdc defines a C-symmetric phase. A numerical exploration of Sα(t) as

a function of t is done in the end of this section.

Insight into the dynamics can be gained by noting that the time integral defining X can be

rewritten as

X =
1

T

∫ T

0

sin θ(t) cosϕ(t)dt =

∫ θ+
θ−

dθ sin θ cosϕ

θ̇∫ θ+
θ−

dθ
θ̇

, (3.47)

where we used dt = dθ/θ̇. The new integration limits θ− and θ+ are called return points and

correspond to the values of θ for whichHcl(θ) = E ≡ Ef , i.e., the turning points at which θ̇ = 0.

Although a closed analytical expression for the return points is impracticable, the expression for

the DCP is simple. Once fixed the initial state as the ground-state of the pre-quench hamiltonian,

the DCP occurs when the energy of the initial state evaluated at the post-quench hamiltonian,

Ef = Hcl(hf , θ0), coincides with the energy of the classical separatrix (Ec = 0), thus making

the trajectory touch the fixed unstable point responsible for the restoration of the symmetry C.
Proceeding with the algebraic calculations, we get for the DCP the expression

hdc =
1

1 + cos2 θ0
2

. (3.48)

6
Corps and Relaño demonstrate exactly this behavior for the LMG model in the Ref. [32]
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Figure 3.5: Dynamical order parameter X given by Eq. (3.49) for h0 = 0.2. The
DCP divides the parameter space in two dynamical regions: one phase at which the

long-time system state exhibits finite longitudinal magnetization (the lower left in-

set displays the corresponding qualitative behavior of Sx(t) as a function of time)

and another phase at which long-time system state exhibits zero longitudinal mag-

netization (the upper right inset displays the corresponding qualitative behavior of

Sx(t)). At h = hdc , the X is non-analytic.

After a sequence of cumbersome algebraic manipulations, we obtain the final expression for

the order parameter [24]

X =

 π
2 sin θ0

1
K(κ(h,θ0))

, h < hdc

0 h > hdc

(3.49)

where K(x) is the complete elliptic integral of the first kind and

κ(h, θ0) =
4(1− h) sin2 θ0
h(2 + sin2 θ0)

. (3.50)

See the appendix C for the detailed derivation. The graph ofX as a function of h is shown in the

figure (3.5) for h0 = 0.2. The possibility of obtaining an analytical expression for X is striking,

as results such as this one are quite rare in the literature. The expression for X allows us, for

instance, to have access to the scaling close to h = hdc . For the sake of completeness, we mention

that the DCP for the non-parametrized version of the LMG Hamiltonian [Eq. (2.2)] is given by

[83]

hdc =
h0 + J

2
. (3.51)

The non-parametrized version will be used to explore the relation between DPT-I and Krylov

complexity in the chapter 5, while the parametrized version will be used to explore the relation
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Figure 3.6: Normalized longitudinal magnetization Sz(t) =
1
j

∑
i σ̂

z
i (t) of the LMG

model as a function of time for several values of h0 and hf and N = 200 sites. The
initial state considered is |ψ0⟩ = |↑⟩. The magnetization Sz(t) always oscillates
and then stagnates around some finite value close to Sz(0) (the closer hf is to h0,
the closer Sz(t ≫ 1) is to Sz(0)) for quenches such that hf < hdc . On the other

hand, the magnetization Sz(t) always oscillates and then stagnates around zero for

quenches fulfilling hf > hdc .

between ESQPT and Krylov complexity.

Magnetization of a finite size system

Once obtained the analytical results above, we return to the hamiltonian in Eq. (2.2) for a

more detailed analysis of the longitudinal magnetization Sz(t) =
∑

i σ̂
z
i (t) as a function of time,

which will be useful for comparisons with results presented in chapter 5. The figure 3.6 displays

instances of the normalized magnetization Sz(t)/j for the LMG model with N = 2j = 200 sites.

The quench dynamics was initialized in one of the ground-states of Ĥ(h0), which was evolved

with the final hamiltonian Ĥ(hf ) for the indicated values of h0 and hf in the figure.

For quenches lying in the same phase as the initial hamiltonian [see panels (a), (c) and (e)],

we see the magnetization oscillating and then stagnating around a finite value which is as close

to Sz(0) as smaller is the quench intensity hf − h0, thus making its time-average Sz ̸= 0. On

the other hand, quenches crossing the dynamical critical point hdc [see panels (b), (d) and (f)]

make the magnetization oscillate and later stagnate always around zero, yielding a time-average

Sz = 0.
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3.3 Connecting DPT-I and ESQPT

As our last discussion in this chapter, we address the relation between DPT-I and ESQPT in

the LMG model based on the results from Ref. [9, 32], which put this relation on solid grounds.

From the whole analysis conducted in the last section, it is clear that these two phenomena are

directly linked. The DCP expression was obtained following the fact that hdc is the value of h for

which the final energy of the system after the quench is equal to the critical energy of the ESQPT.

Also, if C is restored by any eigenstate of Ĥ with energy E > Ec, then C must be the symmetry

underlying the DPT-I in the LMG model.

We can probe the relation between these two phenomena taking as control parameter not the

magnetic field strength itself, but rather the final energy given by Ef = ⟨ψ0|Ĥf |ψ0⟩. In this way,

the dynamical order parameter Sz shall exhibit non-analytic behavior at E = Ec. For this, we

employ the following protocol [33]:

1. Start from the ground-state manifold of the pre-quench hamiltonian Ĥ(h0) in the degen-

erate phase (E < Ec) at a certain initial value of the control parameter, h0. In this phase,

we have two ground-states {|E0,+⟩, |E0,−⟩} and any linear combination of these states

is also a ground-state. Thus, we choose

|ψ0⟩ = cos(χ)|E0,+⟩+ sin(χ)|E0,−⟩ (3.52)

where χ defines how much the eigenstates of Π̂ [see Eq. (2.35)] are mixed.

2. Perform the quench h0 → hf . This implies an energy cost ∆E = E(hf ) − E(h0) where
E(hf ) = ⟨ψ0|Ĥ(hf )|ψ0⟩ and E(h0) = ⟨ψ0|Ĥ(h0)|ψ0⟩. This change of energy (or simply

E(hf )) is the actual control parameter of the ESQPT, since it can lead the system above or

below Ec properly choosing h0 and hf .

3. Let the system evolve under the final hamiltonian Ĥ(hf ) until it reaches the final equilib-

rium state ρeq.

4. Study the results for Tr
[
ρeqO

]
in terms of the energy E and the angle χ.

The choice of the operator O is not arbitrary. Suppose we quench the system such that Ef <

Ec. Then the long-time evolution will be described by Eq. (2.84a). Thus, a relevant piece of

information about the initial state is stored in the coherences ck,+c
∗
k,−, which can be inferred by

measuring an adequate observable O for which Tr
[
ρeqO

]
= f(ck,+c

∗
k,−) ̸= 0 in this region of

the spectrum. On the other hand, if we quench the system above the critical energy, Ef > Ec,

the equilibrium state will lie above Ec and it will be described by Eq. (2.84b). In this situation,

the equilibrium state no longer depends on the coherences ck,+c
∗
k,−, the information about the

initial state was completely washed out and therefore Tr
[
ρeqO

]
= 0. In the end, the operator O
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Figure 3.7: N -normalized average longitudinal magnetization as a function of the

normalized post-quench energy Ef/N for different values of χ. An abrupt change

takes place at the ESQPT critical energy Ec = 0 as expected from the link between

DPT and ESQPT in the LMG model. The initial state with χ = π/4 displays the

sharpest change, since it is the initial withmost undefined (defined) Π̂ (C) symmetry.

will work as an order parameter that can also be used to characterize the ESQPT. For the LMG

model, the appropriate choice for the operatorO is the longitudinal magnetization. Although the

correct equilibrium ensemble is the GME in Eq. (2.88), we emphasize that the density matrix in

Eqs.(2.84a) and (2.84b) is sufficient to detect the ESQPT as shown in Ref. [33].

Figure 3.7 illustrates the numerical evaluation of Tr
[
ρeqŜz

]
as a function of the final en-

ergy Ef , obtained from the parametrized Hamiltonian Ĥh [Eq. (2.57)] for N = 2000 and hf =

0.7. Different values of the pre-quench parameter h0 are considered, leading to different ini-

tial states and, consequently, to different final energies Ef = ⟨ψ0|Ĥf |ψ0⟩. From the step 2 in

the protocol above, note that when χ = π/4, the initial state mixes both energy eigenstates

{|E0,+⟩, |E0,−⟩} with equal weight, thus corresponding to the maximum Π̂-symmetry break-

ing state, since ⟨ψ0|Π̂|ψ0⟩ = 0. In contrast, the state with χ = π/4 preserves C for E < Ec and

has this symmetry broken for E > Ec. If the initial state has definite Π̂ symmetry (see the curve

for χ = 0 in the graph) and hence definite C symmetry, the overlaps ci,k = ⟨Ei, k|ψ0⟩ appearing
in ρeq would be zero and ρeq would become the usual microcanonical ensemble at both regions of

the spectrum. Other values of χ produce less abrupt changes of the order parameter when one

crosses Ec.

The analysis presented here shows that the nonanalytic behavior characterizing DPT-I is

deeply rooted in the presence of ESQPTs in the energy spectrum. This insight motivates the

detailed exploration of nonequilibrium dynamics carried out in the remainder of the thesis. We

finish this chapter putting together the phase transitions of the LMG model in the table 3.1
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Phase transition Critical point Order Parameter

[Equilibrium] QPT h = J ⟨E0|Ŝα|E0⟩
DPT-I h = h0+J

2
Sα ∝

∫
⟨ψt|Ŝα|ψt⟩dt

ESQPT E = −h or E = 0 DOS

Table 3.1: Table of the quantum phase transitions in the LMG model with the cor-

responding critical points and order parameters .
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Chapter 4

Krylov Complexity

4.1 Krylov Complexity of Quantum States

Let us suppose that the state of an isolated quantum many-body system is |ψ0⟩ at t = 0. The

evolved state can be written as (ℏ = 1)

|ψt⟩ = e−iĤt|ψ0⟩ =
∞∑
n=0

(−it)n
n!

Ĥn|ψ0⟩. (4.1)

We will also suppose that the evolution is always not trivial, i.e., |ψ0⟩ is not an eigenstate of Ĥ .

As the sum is iterated, the action of powers of Ĥ on the initial state can be thought in terms

of the trajectory of |ψ0⟩ in the Hilbert space. Also this process lead |ψ0⟩ into the combination

of an increasing number of eigenstates of Ĥ . It can be intuitively visualized by the following

abstract image: the initial state starts to spread through the Hilbert space. This image must be

appreciated carefully: we are not just talking about spreading in the real space, but also spreading

in the Hilbert space in the sense that more and more bases are being occupied as time passes and

the sum is iterated.

It is reasonable to think that for some hamiltonian and for some initial state, the evolution

remains restricted to a certain subspace of the Hilbert spaceH. This idea can be used to formulate

a notion of complexity based on the spread of the initial state: the more it spreads through the

Hilbert space, the more complex is the dynamics. Let us formalize this notion. The set {Ĥn|ψ0⟩}n
contains all the information only about the portion of the Hilbert space visited by |ψ0⟩ evolving
under Ĥ , therefore this set can be used to span the subspace mentioned above. However, this set

cannot be used as a basis, since its elements are not orthogonal. Moreover, as it is infinitely large,

it might contain some kind of redundancy between its elements
1
. To solve this problem, we can

perform Gram-Schmidt orthogonalization, giving as output a set called Krylov basis. Along this

text, we’ll interchangeably use K|ψ0⟩ or just K when there is no chance of confusion to refer to

the Krylov basis or the Krylov subspace of the initial state |ψ0⟩, its elements by the kets {|Kn⟩}
and its dimension by K .

1
What we mean by redundancy will be clear along this chapter.
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Figure 4.1: Illustrative representation of the Krylov subspace. If K < dim (H),
then the dynamics of an initial state |ψ0⟩, which is represented by the dashed line,

belonging to this subspace (grey region) remains restricted to it. If we find a basis

for the grey region, then a quantum state lying outside of it cannot be properly

represented in terms of this basis.

Thus, the subspace in which the dynamics of |ψ0⟩ remain restricted is called Krylov subspace,

see figure (4.1) for an illustration. As a consequence of this construction, a quantum state belong-

ing to H\K, i.e., a state lying outside the Krylov subspace cannot be properly expanded in the

Krylov basis. In other words, the Krylov basis is not complete for the wholeH.
In the sum (4.1), the index n ranges from zero to infinity, however it is clear that the number

of terms in the Krylov basis is finite and it may even be smaller than the dimension of the whole

Hilbert space by construction. It only means that the number of orthogonal states necessary to

represent |ψt⟩ is smaller than the number of orthogonal states necessary to represent another

arbitrary state lying outside K|ψ0⟩, but each state {|Kn⟩}K−1
n=0 is a column vector with a number

of entries equal to the Hilbert space dimension.

Another way to find the Krylov basis is using the so-called Lanczos algorithm [94]. Starting

with the initial state as the first Krylov state |K0⟩ = |ψ0⟩, the next state is obtained as |K1⟩ =
1
b1
Ĥ|K0⟩, where b1 =

√
⟨K1|K1⟩ is a normalization factor. The subsequent states {|Kn⟩}n≥2 are

calculated using the following recursion method

|An⟩ = H|Kn−1⟩ − an|Kn−1⟩ − bn−1|Kn−2⟩ (4.2)

|Kn⟩ = b−1
n |An⟩ (4.3)

with b0 = 0. The constants an and bn are called Lanczos coefficients and they are defined as

an = ⟨Kn|Ĥ|Kn⟩, bn = ⟨Kn|Kn⟩1/2. (4.4)

Substituting (4.3) in (4.2) and isolating the first term in the r.h.s. of (4.2), we see that the hamilto-

nian is tridiagonal in the Krylov basis

H|Kn−1⟩ = bn|Kn⟩+ an|Kn−1⟩+ bn−1|Kn−2⟩ (4.5)
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Figure 4.2: Analogy of the spreading of |ψ0⟩ with a hopping particle in a tight-

binding chain. At t = 0, the initial state is fully localized on the first site of the

Krylov chain, which represents the first Krylov state |K0⟩. As time passes, the par-

ticle explores deeper sites of the chain, representing the delocalization process in

the Krylov basis. The hopping terms between nearest neighbors sites are the Lanc-

zos coefficients bn and the on-site energies are an.

that is, it has the following matrix representation in the Krylov basis

Ĥ =



a0 b1 0 0 0 · · ·
b1 a1 b2 0 0 · · ·
0 b2 a2 b3 0 · · ·
0 0 b3 a3 b4 · · ·
.
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.
.
.


. (4.6)

The physical meaning of the matrix elements of the hamiltonian Ĥ in the Krylov basis is

inspired by the fact that it has the same structure as a tight-binding hamiltonian [95]. The tight-

bindingmodel is used in condensedmatter physics to describe the behaviour of electrons in solids

and uses a set of wavefunctions based in the superposition of wavefunctions of isolated atoms

located in each site of the lattice. Therefore, it suggests that the electron is tightly bound to the

atom to which it belongs. In the tight-binding model, the terms in its hamiltonian corresponding

to bn from (4.6) are called hopping parameters and are related to the probability of the electron

to hop between neighboring sites in the lattice, while the terms corresponding to an are related

to self-energies on each site. Thus, this analogy inspire us to think of the dynamics in the Krylov

basis as a particle hopping between the sites of an semi-infinite 1D chain, each site representing

one Krylov state, with hopping probability between nearest neighbor sites related to bn and self-

energy on site an
2
(see the figure 4.2 for an illustration). We will refer to this semi-infinite chain

analogy by Krylov chain throughout the text.

Now we have all we need to discuss the definition of complexity. For an arbitrary basis B for

H, whose elements we denote generically by {|Bn⟩} and its dimension by B, the complexity of

the evolution of an initial state |ψ0⟩ according to (4.1) is defined as [13, 14]

CB(t) =
B−1∑
n=0

cn|⟨Bn|ψt⟩|2. (4.7)

2
See the figure 1 in the reference [14] for a perspective in terms of Markov chain.
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Some constraints must be imposed on the coefficients cn. For a real and positive-definite mea-

sure of complexity, regardless of the state of the system, cn ∈ R+
is required. The coefficients

should vary with n and grow monotonically with n to assign higher complexity to components

|⟨ψt|Bn⟩|2 with higher index n. Note that the choice of constants coefficients cn = c is excluded

as the complexity would reduce to the sum over all probabilities pn(t) = |⟨ψt|Bn⟩|2 times c,

yielding c at all t.

The measure of complexity (4.7) is dependent of a basis choice, which represents a problem

since different basis would yield a different amount of complexity for the same initial state and

the same hamiltonian. So we would like to perform some kind of minimization over all basis in

H,

C(t) = min
B
CB(t) (4.8)

in order to have a measure of complexity which is basis independent.

The authors of reference [14] were able to prove that the basis which minimizes (4.7) for

cn = n is the Krylov basis,

C(t) = CK(t) =
K∑
n=0

n|⟨Kn|ψt⟩|2 (4.9)

Thus, the measure above is called Krylov complexity. We will consider the definition above

throughout the text. The choice cn = n is not just a coincidence, but intentional. For this defini-

tion, the Krylov complexity is the average position of the wave function (or the hopping particle)

in the Krylov chain and for a complex dynamics, the initial state which starts at t = 0 sharply lo-

calized in the first site |K0⟩, quickly delocalizes along the time evolution, reflecting on the average

position.

The Krylov complexity was firstly introduced in Ref. [13] in the context of evolution of oper-

ators, i.e., in the Heisenberg picture (see the next section for an overview). Based on this concept,

an universal hypothesis for the maximum growth of local operators in quantum many-body sys-

tems was presented. Later, Balasubramanian and collaborators [14] extended the idea to the

evolution of quantum states, in the Schrödinger picture as described above. Although the liter-

ature about the version for operators is vaster, Krylov complexity for quantum states has been

employed for different purposes, ranging from the study on the transition from integrability to

chaos [96, 97], distinguishing different topological phases of matter [98, 99], evolutions governed

by dynamical symmetry groups associated with specific Lie algebras [100] and random matrix

models [14, 101]. For a comprehensive overview of the current state of the art in Krylov complex-

ity, we refer the reader to two recent reviews [10, 11]. In the next section, we revise the theory

of Krylov complexity of operators.
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4.2 Krylov Complexity of Operators

In the Heisenberg picture, the time evolution of an operator O(0) ≡ O0 at time t = 0 of an

isolated quantum many-body system is given by

O(t) = eiĤtO0e
−iĤt =

∞∑
n=0

(it)n

n!
Ln(O0) (4.10)

where L(•) = [Ĥ, •] is called Liouvillian. In order to speak about Krylov basis for operators, first

we need to construct a new Hilbert space whose elements are now operators. An essential ele-

ment to construct this new vector space is setting an inner product between operators satisfying

two desired properties:

1.

(
Â|LB̂

)
=
(
LÂ|B̂

)
, ∀Â, B̂.

2.

(
Â|LÂ

)
= 0, ∀ Â hermitian.

where (Â|B̂) will be the notation used for the inner product between two operators Â and B̂.

One possible choice is (
Â|B̂

)
=
〈
eβĤ/2Â†e−βĤ/2B̂

〉
β
, (4.11)

with ⟨O⟩β = 1
Z
Tr
(
e−βĤO

)
representing the thermal average and β = 1/T is the inverse of

temperature T . In the limit T →∞, this inner product reduces to the Hilbert-Schmidt product(
Â|B̂

)
= Tr

(
Â†B̂

)
(4.12)

up to a normalizing constant. Equipped with inner product, we can now map operators O into

vectors of this new operator linear space which we denote by |O) to differentiate from kets.

The idea behind the Krylov complexity for operators is essentially the same: quantifying the

complexity looking at the spread of an operator beyond real space, i.e., also the spread in the

Hilbert space. Analogously, the set {Ln |O0)}n contains all the information only concerning the

portion of the operators Hilbert space explored by |O0⟩. Orthogonalization is again necessary in

order to have a basis for the Krylov subspace of operators. The Lanczos algorithm in this case

reads [13]

|An) = L |Kn−1)− bn−1 |Kn−2) (4.13)

|Kn) = b−1
n |An) (4.14)

with bn =
√
(Kn|Kn) calculated via Eq. (4.11) or (4.12) and b0 = 0. In the case of operators,

note that the Lanczos algorithm involves only one Lanczos coefficient, bn, while in the case of
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quantum states evolution we have two Lanczos coefficients, an and bn. Hence, in the Krylov basis

{|Kn)}n for the operator vector space, the Liouvillian has the following matrix representation

L .
=



0 b1 0 0 0 · · ·
b1 0 b2 0 0 · · ·
0 b2 0 b3 0 · · ·
0 0 b3 0 b4 · · ·
.
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.
.
.


. (4.15)

now with the terms corresponding to the coefficients an from the quantum state version equal to

zero. Similarly, the matrix form of the Liouvillian in the Krylov basis inspires us to think of the

dynamics in this basis as a particle hopping between neighbouring sites from a semi-infinite chain

whose hopping terms are the Lanczos coefficients bn, but now without on-site energy terms.

In the Heisenberg picture, we consider the definition of Krylov complexity given by the same

expression as in the Schrödinger picture

CK(t) =
K∑
n=0

n
∣∣∣(Kn|O(t)

)∣∣∣2. (4.16)

As far as we know, there is not a rigorous proof that the Krylov basis minimizes the definition

above for the case of operators. The fact that in the Schrödinger picture there is no need for the

choice of a inner product between states can be seen as an advantage over the Heisenberg picture,

since in this latter one there are many definitions satisfying the two properties mentioned above.

4.2.1 Dimension of Krylov Subpace

Since the set {Ln |O0)}n contains all the information about the evolution of |O0), then it is

correct to say that the Krylov subspace

KÔ0
= span{LnÔ0}∞n=0 = span

{
Ô0, [Ĥ, Ô0], [Ĥ, [Ĥ, Ô0]], · · ·

}
, (4.17)

that is, the Krylov subspace of the operator Ô0 is given by all the linear combinations of nested

commutators between Ĥ and Ô0. However, asmentioned previously for the evolution of quantum

states, the set above also extends to infinity while the Krylov basis has finite dimension, which

means that the orthogonalization process might get rid of the redundancies between the infinite

number of nested commutators. In other words, after the orthogonalization, it is guaranteed that

the output set, namely the Krylov basis for operator Hilbert space, is the minimal set of elements

needed to span the Krylov subspace. This reasoning gives rise to the question: when does the

Lanczos algorithm must stop? or equivalently, how big is dim(KÔ0
) = K? Now we proceed to

answer this question.
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The quantity K obviously depends on Ô0 and L, ultimately the system in consideration, so

the best we can do is finding an upper bound forK for now. Another obvious fact is thatK must

be less than the dimension of the whole space of operators. If the Hilbert space has dimensionD,

then the space of bounded linear operators B(H), in which Ô0 lies, has dimensionD2
. Therefore,

we conclude thatK < D2
. A tighter upper bound can be found noticing that ker(L) ⊈ KO0 and

to prove this fact we reproduce the analysis from Ref. [102].

The dimension K can be calculated studying the cardinality of the maximal set of linearly

independent elements of the form Ln(O0). This is equivalent to compute the rank of the matrix

(O0,L(O0),L2(O0), · · · ,Ln(O0), · · · )T (4.18)

in a given representation. On the one hand, by choosing the energy basis |ωab) = |Ea⟩⟨Eb|, it is
true that

Ln |O0) = δn0

D∑
a=1

Oaa |ωaa) +
D∑

a,b=1
a̸=b

Oabω
n
ab |ωab) (4.19)

where the terms ωab = Ea − Eb are the "eigenvalues" of L corresponding to the eigenoperators

|ωab). We notice that the eigenvalues of the eigenvectors |ωaa), ∀a ∈ {1, · · · , D} and n ≥ 1, are

zero. Now, let us arrange the matrix elements from (4.19) as the rows in the matrix (4.18). When

we do this, we obtain a matrix that is a Vandermonde matrix

O11 O22 · · · ODD O12 O13 · · · OD−1,D

0 0 · · · 0 O12ω12 O13ω13 · · · OD−1,DωD−1,D

0 0 · · · 0 O12ω
2
12 O13ω

2
13 · · · OD−1,Dω

2
D−1,D

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.

.

.

.

.
.
.

.

.

.

0 0 · · · 0 O12ω
D2−1
12 O13ω

D2−1
13 · · · OD−1,Dω

D2−1
D−1,D


. (4.20)

Note that the first row contains the coordinates from (4.19) for n = 0, the second line contains

the coordinates for n = 1 and so on. Note also that the first D terms in the second row and the

next ones (n ≥ 1) are zero due to the Kronecker delta δn0 appearing in (4.19). In order to calculate

the rank of this matrix, we can compute its determinant, which is given by

∆({ωab})
D∏

i,j=1

Oij (4.21)

where ∆({ωab}) is the Vandermonde determinant of the phases {ωab}a,b. The determinant will

be zero if any of the phases {ωab} are degenerate and if any of the terms {Oij} are zero. In these

circumstances, the columns (or rows) must be removed from the matrix to be left with a matrix

with maximal rank. Therefore we can formulate the problem in the following way: K is equal
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to the number of distinct phases corresponding to the indices of non zero matrix elements of the

operator O0 in the energy basis, Oij . Since the phase ωaa = 0 is at least D-fold degenerate and

therefore it can only be counted once in order to the determinant do not vanish, then we conclude

1 ≤ K ≤ D2 −D + 1. (4.22)

Another way to get to the same bound was used in Ref. [103]. Since the Liouvillian L is a

linear superoperator and we are looking at its rank, we recall from Linear Algebra that

rank(L) = dim(img(L)) (4.23)

and from the rank-nullity theorem that

dim(img(L)) + dim(ker(L)) = dim(Dom(L)). (4.24)

Once the Liouvillian can act on any element of thewhole space of operators, then dim(Dom(L)) =
D2

. By definition, the kernel of the Liouvillian is the subset from its domain whose elements are

mapped to the null vector by it. As L(•) = [Ĥ, •], it is clear that L acting on vector like |Hn)

results in the null vector, because the hamiltonian commutes with any power of itself. Since we

have at least D − 1 distinct elements of this form, then dim(ker(L)) ≤ D − 1 and therefore

rank(L) = K ≤ D2 −D + 1 (4.25)

from (4.24).

Still following the analysis from Ref. [102], the degenerate eigenoperators |ωab) of L with

the same eigenvalue ωab also contribute to vanish the determinant (4.21) and must be accounted

for. If the operator Ô0 has a non-vanishing overlap with these degenerate eigenoperators, then

they contribute only once to the Krylov subpace. Now we refer to this set of eigenoperators

corresponding to the same eigenvalue ωab = ω as the ω-eigenspace of L.
Then, we can ask: what particular linear combination of the elements belonging to each ω-

eigenspace is actually contained in the Krylov subspace? Suppose that, for some set I of pairs of

indices, the eigenoperator is degenerate

L |ωab) = ω |ωab) , ∀(a, b) ∈ I. (4.26)

Assuming also that ωab ̸= ω for any (a, b) /∈ I , then inserting (4.26) in (4.19), we find

Ln(O0) = ωn
∑

(a,b)∈I

Oab |ωab) +
∑

(a,b)/∈I

Oabω
n
ab |ωab) . (4.27)
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Therefore, the direction of the ω-eigenspace that contributes to the Krylov space is precisely the

projection of the operator O over such an eigenspace:

|Kω) =
∑

(a,b)∈I

Oab |ωab) . (4.28)

The authors in [102] call |Kω) the eigenspace representative for the phase ω. Thus, the structure
of the Krylov subspace is now fully understood: each eigenspace of the Liouvillian over which
the operator O0 has a non-vanishing projection contributes one Krylov dimension, through a linear
combination of the basis of the eigenspace of the form (4.28). We can thus redefine the Krylov

subspace as

KÔ0
= span

{
|Kω) , ω ∈ Spec(L)

}
(4.29)

with Spec(L) denoting the spectrum of L. Hence, the Krylov dimensionK is equal to the number
of non-zero eigenspaces representatives |Kω).

For instance, if we have a system whose Liouvillian has a spectrum with no degeneracies

(other than the unavoidable null phases ωaa = 0, ∀a.) and an operator that is dense in the energy

basis, the Krylov dimension will be maximal, K = D2 −D + 1. Thus, in general, the more de-

generacies there are in the spectrum of the Liouvillian, the lower will be the Krylov dimension.

From these observations, the authors in [102] conjecture the following: as the spectrum of chaotic

systems is well described by Wigner-Dyson statistics and therefore do not feature degeneracies,

thus typical operators in chaotic systems saturate the upper bound in (4.22); while for integrable

systems, whose spectrum is well described by Poisson statistics, it is expected K to be signifi-

cantly smaller than the upper bound. This conjecture has met support in different systems, as in

the SYK2 and SYK4 [102] and the integrable XXZ spin chain [104, 105]. For the case of Krylov

complexity in the Schrödinger picture, the conjecture also finds support in Ref. [97] for the Ising

model with a tilted magnetic field.

Finally, we can properly interpret the Lanczos algorithm: each Lanczos step produces a new

element |An) orthogonal to all previous |Km), withm < n. This new element is either zero or a

new direction in Krylov space. For n < K , |An) ̸= 0, since the set that is being orthogonalized

with this procedure has rank K . However, |AK) is orthogonal to {|Kn)}K−1
n=0 , which is already

a complete orthogonal basis of KO0 , then it must therefore vanish, just as bK =
√
(AK |AK).

We conclude that the Lanczos algorithm must terminate by hitting a zero once all directions in

Krylov space have been exhausted. This is also valid in the Schrödinger picture.
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Chapter 5

Krylov Complexity as a Probe of
Dynamical and Spectral Transitions

Having introduced dynamical phase transitions of type I (DPT-I), excited-state quantum phase

transitions (ESQPTs), and the notion of Krylov complexity in the previous chapters, we are now

in a position to explore whether these concepts are intrinsically connected in the LMG model.

On the one hand, DPT-I is associated with symmetry restoration and is traditionally charac-

terized through the long-time behavior of an order parameter. This naturally raises the question

of whether Krylov complexity can capture the corresponding dynamical critical behavior and

effectively act as a dynamical order parameter.

On the other hand, since DPT-I has been shown to be directly related to the presence of an

ESQPT in the energy spectrum, it is equally compelling to ask whether Krylov complexity is

sensitive to spectral criticality and can therefore serve as a probe of ESQPTs.

This chapter addresses these questions by presenting new results concerning the relation

between DPT, ESQPT and the Krylov complexity of quantum state evolution following sudden

quenches in the LMG model. All results reported here were obtained combining numerical sim-

ulations based on exact diagonalization with analytical insights. The connection between DPT-I

and Krylov complexity has been published in Ref. [106] and the connection between ESQPT and

Krylov complexity is still object of our investigation. Throughout this chapter, we set the cou-

pling constant to J = 1. We recommend the use of the List of Symbols of this thesis to recall the

notation.

5.1 Krylov complexity and DPT-I

We begin by analyzing the time evolution of the Krylov complexityCK(t), defined in Eq. (4.9),

following a quench in the LMG model described by the Hamiltonian in Eq. (2.2). The system is

initially prepared in one of the ground states of the pre-quench Hamiltonian H(h0), and the

quench is performed by suddenly changing the transverse field from h0 to hf .

By employing exact diagonalization, we compute CK(t)/j, where j = N/2 is the total spin

angular momentum, for several values of h0 and hf . Representative results are shown in Fig. 5.1
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Figure 5.1: Krylov complexity as a function of time for several values of h0 and

hf and N = 200. (a) For h0 = 0, the calculations suggest that in the TL, the

complexity oscillates and later stagnates around a finite value for quenches within

the dynamical ferromagnetic phase (hf < hdc ). (b) Conversely it oscillates and later

stagnates on the unit value for a quench into the paramagnetic phase. (c)-(f) As

we increase h0, we observe the same pattern for quenches within the same phase,

however it stagnates on progressively smaller values than unity for hf > hdc .

for a system size N = 200. These calculations reveal distinct dynamical behaviors depending on

whether the quench remains within the same dynamical phase or crosses the dynamical critical

point hdc = (h0 + J)/2 [Eq. (3.51)].

For quenches starting at h0 = 0, we observe that, in the TL, the Krylov complexity oscillates

around a finite value when the post-quench parameter satisfies hf < hdc , i.e., when the quench

remains within the dynamical ferromagnetic phase. Moreover, the amplitude of these oscilla-

tions progressively decays in time, causing the complexity to remain consistently below unity,

as illustrated in Fig. 5.1(a). In contrast, when the quench crosses the dynamical critical point into

the paramagnetic phase, CK(t) exhibits oscillations that eventually stagnate at the unit value, as

shown in Fig. 5.1(b). The choice behind normalizing CK(t) by j is precisely to set the stagnation

value C(t≫ 1) to unit.

When the initial field is increased to h0 > 0, the qualitative behavior of the Krylov complex-

ity remains the same. For quenches within the dynamical ferromagnetic phase, CK(t) continues

to oscillate around a finite value, while for quenches across the dynamical critical point it ex-

hibits a long-time saturation. However, in this case the saturation value is progressively smaller

than unity as h0 increases, as shown in Figs. 5.1(c)–(f). This behavior closely mirrors that of the

dynamical magnetization discussed in Sec. 3.2 and illustrated in Fig. 3.6, indicating a clear corre-

spondence between the Krylov complexity and the conventional dynamical order parameter of

the LMG model.

These numerical observations were extensively tested and found to persist for larger system
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Figure 5.2: Normalized time averaged Krylov complexity C/j as a function of the

post-quench parameter hf . Panels (a)-(c) correspond to N = 200, N = 400 and

N = 600 respectively for several values ofh0. C exhibits exactly the same transition

as Sz at the dynamical critical point hdc = (h0+J)/2 indicated by the vertical lines.
Panels (d)-(f) show C/j for several values of N corresponding to h0 = 0, h0 = 0.1
and h0 = 0.2 respectively. As N increases, the nonanalytical point approaches the

exact value indicated by the black vertical line at hdc = (h0+J)/2. The insets show
the derivative of C w.r.t. hf diverging at hdc as N increases. In all panels, we used

T = 150.

sizes. As in the case of the magnetization, the Krylov complexity also displays revivals during the

time evolution. The amplitude of these revivals decreases and they appear at later times as the

system sizeN increases. Furthermore, when the ground state ofH(h0) is twofold degenerate, we

verified that choosing either of the degenerate ground states as the initial state leads to exactly

the same behavior of C(t).

5.1.1 Long-time average

Given this behaviour of CK(t) in time, thus it is expected that its long-time average feature a

nonanalytic transition in the dynamical critical point. By employing the time average

C = lim
T→∞

1

T

∫ T

0

CK(t)dt, (5.1)

we observe the same qualitative behaviour as the dynamical order parameter Sz . The figures

5.2(a)-(c) illustrate this result by showing the normalized time-averaged complexity as a function

of the quenching intensity h0 < hf ≤ 1 for several values of h0, whose the only difference in

comparison to Sz being the numerical values assumed in both dynamical phases. Note that as
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discussed above, since CK(t) stagnates on progressively smaller values than unity for h0 > 0,

thus its time-average features smaller plateaus as h0 increases.

Moreover, the calculations reveal that C/j exhibits the same dynamical critical point as Sz ,

hdc . The corresponding dynamical critical point for each value of h0 is indicated by the vertical

dashed lines in figure 5.2. This coincidence of the dynamical critical point is guaranteed by the

fact that as N increases, the nonanalytical point approaches the exact value hdc as illustrated

in the panels (d)-(f) in figure 5.2. This fact implies that the derivative of C with respect to hf

increasingly reaches higher values as N increases and shall diverge at hdc in the TL as observed

in the insets from panels (d)-(f).

Despite a smaller plateau, C seems to reach a constant and maximum value for hf > hdc ,

which suggests that DPT-I causes the maximum spreading regime of the dynamics. Based on

these findings, we can argue that the time-averaged Krylov complexity reliably characterizes

a DPT-I, being this fact our main result. In the calculations involving C , both the degenerate

ground-states were tested, yielding exactly the same results just as for CK(t), which is another

similarity with Sz .

Once the DPT-I is related to the breaking/restoration of symmetry, we can infer that the

Krylov basis is also sensitive to the symmetry of the model and, therefore, a deeper relation

between the energy basis and Krylov basis should exist. The following discussions delve on this

relation.

5.2 Inverse participation ratio

In order to understand the relation between the energy basis, which is the natural basis to

probe symmetry breaking/restoration, and the Krylov basis, we employ the inverse participation

ratio (IPR). The IPR is given by

IPR(t) =
∑
n

|⟨n|ψ(t)⟩|4 =
∑
n

p2n(t) (5.2)

for some basis whose elements we generically denote by {|n⟩}. The IPR defined above measures

how many states of the chosen basis effectively participate along the time evolution of the sys-

tem. This quantity was proposed as a measure of localization on a certain basis in the context

of quantum chaos [107, 108], thus originally, the IPR is time independent. However here we

employ a dynamical version, probing how the system’s state |ψt⟩ explores a certain basis along

time. Using the analogy with the Krylov chain, it means that the IPR should measure the level

of localization of |ψt⟩ in this chain for a nontrivial time evolution, since at t = 0, |ψt⟩ is sharply
localized in the first site of the Krylov chain as demands the first step of the Lanczos algorithm

[see Eq. (4.2)].
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Figure 5.3: Inverse participation ratio calculated in the Krylov basis (dashed lines)

and the prequench energy basis (solid lines) (N = 200). (a)-(b) Interestingly, for
quenches starting at h0 = 0, the IPR in both bases coincide. (c)-(d) In other hand,

for quenches starting at h0 ̸= 0, the IPR shows itself different in both bases. Note

that quenches crossing the dynamical critical point yield more delocalization of the

system state in both bases in comparison to quenches within the same phase of h0.
The insets in (c) and (e) only helps to visualize the discrepancy between the curves.

From the definition above, we see that the maximum value the IPR(t) can assume is one. Since

we choose |ψ0⟩ as being the ground-state of Ĥ(h0) and the basis {|n⟩}n being the pre-quench

energy or the Krylov basis (with |K0⟩ = |ψ0⟩), then IPR(0) = 1 and therefore IPR(t)must always

decrease along the dynamics. The smaller IPR becomes, themore delocalized is |ψt⟩ on the chosen
bases.

Considering the same protocol as before, we compute the IPR for two distinct bases: the

pre-quench energy eigenbasis (the eigenvectors of H0) and the Krylov basis. Instances of the

results are shown in Fig. 5.3. Interestingly, the IPR computed in both bases are identical only for

quenches starting at h0 = 0 [see the panels (a) and (b)]. On the other hand, when h0 ̸= 0, the

IPR in the pre-quench energy basis do not coincide with that in the Krylov basis [see the panels

(c)-(f)]. The reason behind these observations will be analytically shown in the last part of this

chapter. Interestingly, the IPR in the Krylov basis for h0 > 0 is slighly smaller than IPR in the

pre-quench energy basis, which means along the dynamics the system state |ψt⟩ is slightly more

delocalized in the Krylov basis than the pre-quench energy, as expected since the Krylov basis

minimizes the spreading in the Hilbert space.

We call the attention for two other aspects of the IPR. The first one is the appearance of

periodic peaks that decay in amplitude along the dynamics. These peaks are due to partial revivals

in the dynamics, that is, the state of the system periodically returns almost completely to the

initial state, a feature expected for systems that exhibit DQPT including the LMG model [82, 109,

110]. This fact can also be seen by noticing that the first term of the sum in the IPR is the squared
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survival probability

IPR(t) = L2(t) +
∑
k>0

p2k(t), (5.3)

which characterizes DQPT (see the Eq. (3.6)), and the relation above holds for both the pre-quench

energy basis and the Krylov basis in our protocol. Therefore, the IPR is also controlled by the

survival probability. The second aspect of the IPR that we highlight is the decay rate. We observe

that the larger is the difference between h0 and hf , more states participate in the dynamics, and

hence, the faster the IPR decreases.

5.3 K-Entropy - Shannon entropy in the Krylov basis

To further compare the Krylov basis with the pre-quench energy basis, we now consider the

Shannon entropy, defined as

E(t) = −
∑
n

pn(t) ln[pn(t)], (5.4)

where pn(t) denotes the probability distribution associated with a given basis. The Shannon en-

tropy quantifies the uncertainty of the quantum state over the chosen basis and therefore provides

complementary information to the inverse participation ratio discussed in the previous section.

As before, we consider two distinct choices of basis. In the pre-quench energy basis, the

probabilities are given by pn(t) = |⟨E0
n|ψt⟩|2, where |E0

n⟩ are the eigenstates of H(h0). In the

Krylov basis, the probabilities read pn(t) = |⟨Kn|ψt⟩|2.
The motivation for employing the Shannon entropy in this context is well established. In

quantum information theory, the von Neumann entanglement entropy provides an estimate of

the effective Hilbert space dimension explored by a quantum state, since the exponential of the

entropy bounds the number of significantly occupied states. Extending this idea beyond entan-

glement measures, the exponential of the Shannon entropy may be interpreted as a measure of

spread complexity [14]. This concept was originally introduced by Izrailev to characterize lo-

calization properties of chaotic quantum states [107] and was later employed in the context of

Krylov complexity in Ref. [111].

Using the same quench protocol as in the previous sections, Fig. 5.4 shows the time evolution

of the Shannon entropy computed in both the pre-quench energy basis (solid lines) and the Krylov

basis (dashed lines). Panels (a) and (b) correspond to quenches starting at h0 = 0, while panels

(c)–(f) show representative results for quenches starting at h0 > 0.

Similarly to the behavior observed for the IPR, we find a perfect agreement between the Shan-

non entropy computed in the two bases when h0 = 0. In contrast, for h0 > 0, the entropy exhibits

a clear mismatch between the bases, irrespective of whether the quench remains within the same
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Figure 5.4: Shannon entropy calculated in the Krylov basis (dashed lines) and pre-

quench energy basis (solid lines) (N = 200). (a) and (b) show its behaviour for a

quench within the dynamical ferromagnetic phase and a quench across hdc respec-
tively, in both cases one can see a perfect match between the curves. (c)-(f) show

its behaviour for h0 > 0, exhibiting a mismatch between the curves. In all the in-

stances shown from (c)-(f), the Shannon entropy is bigger in the Krylov basis than

the prequench energy basis, which is in accordance with the IPR’s behaviour for the

sames quenches. The insets help to visualize the mismatch.

dynamical phase or crosses the dynamical critical point. In all cases with h0 > 0, the Shannon

entropy in the Krylov basis is systematically larger than that in the pre-quench energy basis.

This behavior is fully consistent with the IPR results discussed previously. A smaller IPR in

the Krylov basis indicates a stronger delocalization of the state |ψt⟩, which naturally translates

into a larger uncertainty and hence a larger Shannon entropy. Finally, as in the case of the IPR,

we verified that choosing either of the twofold degenerate ground states as the initial state yields

identical results for the Shannon entropy.

The systematic agreement observed at h0 = 0, in contrast with the behavior for h0 > 0,

suggests that the coincidence between the two bases in this particular case is rooted in a specific

structural property of the model, which will be addressed in the following section.

5.4 Krylov basis for h0 = 0

We provide an analytical explanation for the coincidence observed between the IPR and the

Shannon entropy computed in the Krylov basis and in the pre-quench energy basis for quenches

starting at h0 = 0. As shown in the previous sections, this agreement is a non-generic feature that

breaks down as soon as the initial field is taken to be h0 > 0. We show that, in the special case

h0 = 0, the Krylov basis can be constructed explicitly and, in fact, coincides with the angular
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momentum basis associated with the eigenstates of the pre-quench Hamiltonian. This allows

us to establish a direct analytical connection between the Krylov complexity and the dynamical

magnetization, thereby explaining the numerical results reported above.

Let us consider quenches starting from h0 = 0. The eigenstates of the pre-quench Hamilto-

nian

Ĥ0 = −
1

2j
Ŝ2
z , (5.5)

are simple, they are the usual angular momentum basis |j,mz⟩, with the indexmz ∈ {−j,−j +
1, · · · , j − 1, j} specifying the 2j + 1 spin projections. The two degenerate ground-states are

|j,−j⟩ and |j, j⟩. Then, the quench is performed in the magnetic field h such that the post-

quench Hamiltonian can be written in terms of collective ladder operators

Ĥf = −
1

2j
Ŝ2
z −

hf
2

(
Ŝ+ + Ŝ−

)
. (5.6)

Now we observe that the set of operators {Sz, S+, S−} are the operators defining the well-

known su(2) algebra, thus the following commutation relations hold

[Sz, S±] = ±S±, [S+, S−] = 2Sz. (5.7)

The action of the Hamiltonian given in Eq. (5.6) on one of the basis states |j,mz⟩ is

Hf |j,mz⟩ = c0|j,mz⟩+ c+|j,mz + 1⟩+ c−|j,mz − 1⟩, (5.8)

where c0 = −m2
z/2j, c+ = −h

2

√
j(j + 1)−mz(mz + 1) and c− = −h

2

√
j(j + 1)−mz(mz − 1).

Comparing Eq. (5.8) with the tridiagonal form of the Hamiltonian in the Krylov basis, Eq. (4.5), we

immediately see that the states satisfying the Lanczos algorithm for |ψ0⟩ = |j,mz⟩ are precisely
the set {|j,mz⟩} up to a factor ±1, that is

|Ki⟩ = ±|j,mz⟩. (5.9)

with the relation between the indices i andmz being clarified below. Therefore, we conclude that

the Krylov states are proportional to the pre-quench energy eigenstates. This explains why both

the IPR and the Shannon entropy are the same in the Krylov and prequench energy bases.

The action of Ĥf on the state |j,mz⟩, Eq. (5.8), provides us an analytical expression for the

Lanczos coefficients, which correspond to the constant c−. For convenience, we relabel the index

mz asmz → −j +mz such that nowmz runs through the set {0, 1, · · · , 2j}. With this change,
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Figure 5.5: Comparison between the numerical (dots) and analytical (yellow lines)

Lanczos coefficients for N = 200. They feature perfect agreement showing that

bmz = c−(mz) and attesting that the Krylov states are the usual angular momentum

states |j,mz⟩ if the initial state is equal to any one of the ground-states.

the constant c− becomes

c−(mz) =
hf
2

√
mz(2j −mz + 1), (5.10)

wherewe absorbed theminus sign in the state |j,mz⟩. The Figure 5.5 shows the perfect agreement

between the Lanczos coefficients calculated numerically through the Lanczos algorithm [Eq. (4.3)]

and the analytical expression for c− above. Thus, we prove that c−(mz) is the exact expression

for the Lanczos coefficients bmz for quenches starting at h0 = 0.

Since |Kmz⟩ = ±|j,mz⟩, the Krylov basis must share the same symmetries as the pre-quench

energy basis. This fact turns the Krylov basis sensitive to the break or restoration of the spin-flip

symmetry if a quench is performed in the LMG model, which explains the ability of the Krylov

complexity to characterize DPT-I. Moreover, note that we can write the expression of the Krylov

complexity in the form

CK(t) =

2j∑
mz=0

mz|⟨ψt|Kmz⟩|2. (5.11)

Considering now the expression of Sz(t),

Sz(t) = ⟨ψt|Ŝz|ψt⟩. (5.12)

and employing the completeness of the angular momentum basis,

∑2j
mz=0 |j,−j +mz⟩⟨j,−j +

mz| = I, we can readily show that

CK(t) = Sz(t) + j, (5.13)
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thus, by taking the long-time average, confirming that

C = Sz + j. (5.14)

The above construction shows that, for quenches starting at h0 = 0, the Krylov basis gener-

ated by the post-quench Hamiltonian coincides exactly with the angular momentum basis associ-

ated with the eigenstates of the pre-quench Hamiltonian. As a consequence, the Krylov subspace

spans the entire Hilbert space in the maximal-spin sector (Dicke subspace) for arbitrary finite sys-

tem size N , highlighting that this result holds exactly and does not rely on the thermodynamic

limit.

This exact correspondence provides a direct analytical explanation for the numerical results

reported in the previous sections. Since the Krylov basis and the pre-quench energy basis are

identical in this case, quantities that probe the spreading of the quantum state, such as the inverse

participation ratio and the Shannon entropy, necessarily coincide when computed in either basis.

Moreover, the explicit relation between the Krylov complexity and the magnetization establishes

the time-averaged Krylov complexity as a genuine dynamical order parameter for the LMGmodel.

Finally, it is important to emphasize that this analytical construction relies crucially on the

special structure of the initial state at h0 = 0. As soon as the initial field is taken to be h0 > 0, the

Krylov basis no longer admits a closed-form construction and ceases to coincide with the pre-

quench energy basis, in agreement with the numerical observations presented above. Obtaining

an explicit analytical construction of the Krylov basis for h0 > 0 and any system size N is a

nontrivial problem, as the simple algebraic structure underlying the h0 = 0 case is no longer

present.

5.5 Krylov complexity and ESQPT

Once established the connection between DPT-I and ESQPT [section 3.3], if the long-time

averaged Krylov complexity, C , is sensitive to the DCP, then it is reasonable to think that C is

sensitive to the ESQPT critical energy as well. This investigation can be carried out by employing

the same quench protocol described in the section 3.3, in which the final energyEf = ⟨ψ0|Ĥf |ψ0⟩
becomes the control parameter by varying the pre-quench parameter h0.

The quantity of interest in this case will be Tr
[
ρeqK̂

]
, where

K̂ =
K−1∑
n=0

n|Kn⟩⟨Kn| (5.15)

is the Krylov operator. The figure 5.6 illustrates the behavior of Tr
[
ρeqK̂

]
/N with respect to

Ef/N for several values of χ [See Eq. (3.52)] with ρ̂eq given by Eqs. (2.84a) and (2.84b). A sharp
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Figure 5.6: Average Krylov complexity as a function of the post-quench energy for

different values of χ and N = 600. A sharp change of the average takes place at

the ESQPT critical energy Ec = 0 when the initial state has undefined Π̂ symmetry

(χ ̸= 0). The closer is χ to π/4, the sharper is the change of the average Krylov

complexity.

change in the averaged complexity is seen at the critical energy Ec = 0when the initial state has

undefined Π̂ symmetry corresponding to χ ̸= 0. The closer χ is to π/4, the sharper is the change

at Ec = 0.

Note that the average Krylov complexity Tr
[
ρ̂eqK̂

]
is sensitive to the degree of symmetry

breaking in the initial state. In Fig. 5.6, the sharpest change at E = 0 occurs for χ = π/4,

corresponding to an initial state in which the Π̂ symmetry is maximally broken, while the C
symmetry remains well defined, the latter being responsible for the ESQPT in the LMG model.

These results indicate that Krylov complexity provides a faithful probe of the ESQPT in this

system. These findings open the way for further investigations currently in progress.
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Chapter 6

Conclusions and future perspectives

Understanding nonequilibrium quantum dynamics remains one of the central challenges in

the physics of many-body systems, particularly in the presence of critical phenomena that cannot

be described in terms of conventional order parameters. Dynamical quantum phase transitions

and excited-state quantum phase transitions exemplify this scenario, in which spectral and dy-

namical properties become inseparably linked in a highly nontrivial manner. The aim of this

thesis was to investigate these transitions from the perspective of quantum complexity, explor-

ing its ability to unveil critical structures underlying nonequilibrium dynamics. By employing a

combination of analytical and numerical tools, we demonstrate that Krylov complexity provides

a coherent and sensitive framework to characterize such phenomena, establishing a connection

between nonequilibrium dynamics, spectral structure and information spreading.

By choosing the Lipkin–Meshkov–Glick model as a testbed, we showed that Krylov complex-

ity in the Schrödinger picture under quench dynamics captures the same physical information

as the collective magnetization as a function of time. In particular, Krylov complexity reveals

distinct dynamical phases induced by quenches, mirroring the qualitative behavior observed in

the magnetization dynamics. This initial result naturally motivated us to investigate the relation

between the energy basis and the Krylov basis. To this end, we employed two quantities from

information theory—the Shannon entropy and the inverse participation ratio—which quantify

how the initial state spreads over a given basis. Our analysis shows that, in the specific case of

quenches starting from a vanishing magnetic field, h0 = 0, the energy and Krylov bases yield

identical results for both measures, indicating a perfect correspondence between them. By con-

trast, for h0 ̸= 0, no such match is observed. Nevertheless, for any value of h0, both quantities

consistently capture the expected physics, clearly signaling the delocalization process induced

by the quench.

We now turn to the main results of this thesis. We analytically proved that, for h0 = 0, the

Krylov basis coincides with the energy basis, up to an overall factor of ±1. This equivalence

establishes the long-time averaged Krylov complexity as an order parameter for the dynamical

phase transition in the LMG model. For h0 ̸= 0, an exact analytical construction of the Krylov

basis is no longer accessible; nevertheless, numerical analysis indicates that the long-time aver-

aged Krylov complexity exhibits the same critical scaling behavior, supporting its role as a robust
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diagnostic of dynamical phase transitions. All of these results mentioned above are published in

Ref. [106].

These results naturally raise two fundamental issues. First, since the DPT-I in the LMGmodel

is rooted in an excited-state quantum phase transition in its spectrum, an immediate question is

whether Krylov complexity is also capable of detecting the ESQPT itself. Second, one may ask

whether Krylov complexity can serve as an order parameter for ESQPTs and dynamical phase

transitions in more general models. For the first issue, we have obtained an affirmative answer.

Our analysis shows that the long-time averaged Krylov complexity faithfully signals the ESQPT

in the LMG model, with its behavior depending on whether the initial state possesses indefinite

or definite Π̂ (C) symmetry. This result indicates that Krylov complexity also acts as a sensitive

probe of spectral phase transitions and constitutes part of an ongoing investigation into its ability

to characterize ESQPTs.

We conjecture that Krylov complexity provides a universal framework for detecting excited-

state and dynamical quantum phase transitions in a broad class of infinite-range interacting

many-body systems. This conjecture is consistent with recent results by Corps and Relaño [9,

32], who established a causal connection between DPT-I and ESQPTs in systems satisfying a set

of symmetry conditions. Representative examples include the LMG model, the Dicke model, the

Rabi model, and spinor Bose–Einstein condensates. In this class of infinite-range interacting sys-

tems, ESQPTs share a common physical origin: an abrupt restructuring of the classical phase

space at a critical energy, associated with a sudden change in the volume of accessible phase

space. We argue that such a sharp spectral and semiclassical reorganization is naturally captured

by the long-time averaged Krylov complexity. Establishing this conjecture in full generality re-

mains an open problem and a natural direction for future work.

Taken together, the results presented in this thesis highlight the central role of Krylov com-

plexity as a physically meaningful measure of information spreading in nonequilibrium quan-

tum many-body systems. By establishing direct connections between nonequilibrium dynamics,

spectral structure, and underlying semiclassical features, this work shows that Krylov complex-

ity goes beyond a mere diagnostic tool, providing a unifying framework to characterize critical

phenomena such as dynamical and excited-state quantum phase transitions. We expect that the

perspective developed here will contribute to a deeper understanding of nonequilibrium quan-

tum dynamics in interacting systems and motivate further studies of quantum complexity in a

broad range of models.
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Appendix A

The Symmetric Group

The purpose of this appendix is not to provide a comprehensive introduction to the symmet-

ric group, but rather to fix notation and introduce a few group-theoretical notions that will be

repeatedly used in the discussion of permutation-invariant Hamiltonians in the chapter 2.

In a system of N identical particles, there are N ! permutations of the particles and we can

represent each permutation by a linear operator P . The set of all these permutations forms the

permutation group or the symmetric group, which we denote by SN . It means that

1. It shall exists a permutation that represents the identity of SN , which we will denote by I,

that satisfies P I = IP = P , ∀P ∈ SN .

2. Every permutation P has its inverse P−1
such that PP−1 = P−1P = I.

3. The product of two permutations is also a permutation, which implies that any function of

permutations is reducible to a linear function of them.

Suppose you have a system consisting of five spins-1/2 and whose quantum state is |↑↑↓↑↓⟩,
where {↑, ↓} represent the two possible projections along ẑ-direction. This state can be written

as the product of unique particle states

|↑↑↓↑↓⟩ = |↑⟩1 ⊗ |↑⟩2 ⊗ |↓⟩3 ⊗ |↑⟩4 ⊗ |↑⟩5 (A.1)

where the integer subscript in each state denotes for example the corresponding site on a one-

dimensional chain. In this case, applying a permutation operator on this state means simply

change the integer subscript of each unique particle state. For this reason, instead of writing the

explicitly quantum state, we can apply the permutation operators on lists of integer numbers, in

this particular case the list [12345].

A certain permutation can be written as the product of permutations of two particles that are

called transpositions. For example, to transform the list [123] into [312] we can interchange 1

and 3, the operation which is denoted by (13) and then we interchange 1 and 2, which is denoted

by (12). The composition of these two transpositions will be simply the product P = (12)(13),

which is read from right to left.
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The representation of permutations is not unique, for instance another possible representa-

tion is written in terms of cycles. A permutation is in the cycles representation if its cycles have

no number in common. For instance the composition P = (12)(13) in cycles representation is

written as P = (132). In a permutation, the unchanged numbers of the list on which it acts

are usually suppressed and they are called fixed points of the permutation. It means that the

transposition (12) ≡ (12)(3), where (3) is the fixed point. Therefore, the identity of SN must

the permutation I = (1)(2) · · · (N), in which all the numbers are fixed points and acts in the

list [12 · · ·N ] keeping all the numbers unchanged. The number of transpositions necessary to

represent a permutation is called the rank, R(P ). If P ∈ SN and ℓ(P ) is the number of cycles in

P , then R(P ) = N − ℓ(P ).
Instead of studying the action of permutations on lists, we can define actions of the group SN

on itself. One of these actions is called adjunct, defined through the multiplication by left, that

is, P “acts" on the permutation Q producing PQ. Given a permutation R, it is always possible

to find Q such that PQ = R. Hence, the image of SN under the action of P is always itself,

PSN = SN . Another possible action of SN on itself is the conjugation. In this case, P acts on Q

through the operation PQP−1 = R, also called similarity transformation. If PQP−1 = R, then

R andQ are said conjugate permutations. Differently from the action adjunct, the conjugation is

not transitive, since the conjugation forms invariant subspaces, which means that there are sets

of permutations that are conjugate only between themselves. The set of permutations which are

conjugate between themselves constitutes a conjugacy class.
What the similarity transformation does is only to rearrange the numbers in a permuta-

tion, leaving its cycles with the same length, for example, (134)(12345)(143) = (13542) and

(12)(13)(24)(12) = (14)(23). Here one stabilishes the connection between permutations and

integer partitions. The partitions of an integer n are defined as all the monotonically decreas-

ing sequences of positive integers (λ1, λ2, · · · ) such that

∑ℓ(λ)
i=1 λi = n. For instance, the parti-

tions of 4 are {(4), (3, 1), (2, 2), (2, 1, 1), (1, 1, 1, 1)}1. If a certain permutation P has λ̂j cycles

of length j, the partition 1λ̂12λ̂2 · · · is called the cycle-type of P , for example the cycle-type of

P = (123)(45)(67) is 102231 ≡ (3, 2, 2). As we shall see in the chapter 2, the cycle-type provides

a natural label for invariant subspaces induced by permutation symmetry of the Hilbert space of

a quantum system.

It turns out that all the possibilities of cycle-types of the permutations from SN are exactly the

partitions of the integerN . This fact makes it easy to identify the conjugacy classes of SN , for in-
stance the conjugacy classes of S4 are C(1,1,1,1) = {(1)(2)(3)(4)}, C(2,1,1) = {(12), (13), (14), (23),
(24), (34)}, C(2,2) = {(12)(34), (13)(24), (14)(23)}, C(3,1) = {(123), (132), (124), (142), (134),
(143), (234), (243)} and C(4) = {(1234), (1243), (1324), (1342) (1423), (1432)}. We denote the

number of partitions of an integer n by p(n).

1
If we take into account all the distinct rearrengements of these partitions, then we are talking about com-

positions. The number 4 has eight compositions, which include besides the aforementioned ones, the following

{(3, 1), (1, 2, 1), (1, 1, 2)}
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These notions allow us to classify permutations in SN in a way that is particularly suited

to the analysis of symmetric Hamiltonians. In the chapter 2, this structure will be exploited to

characterize invariant subspaces and degeneracies induced by permutation symmetry
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Appendix B

Stability of the saddle point

In order to know how the orbits in the phase space behave near the stationary points, we

conduct an analysis of their stability. If the orbits move away from a certain stationary point, this

point is considered unstable and otherwise stable.

Consider an orbit close to the stationary point (q0, p0)

q(t) = q0 + δq(t), p(t) = p0 + δp(t). (B.1)

By writing the Hamilton equations in these two points and expanding until first order in the

deviations δq e δp, we have

∂H

∂p
(q0 + δq, p0 + δp) =

∂H

∂p

∣∣∣∣∣
(q0,p0)

+
∂2H

∂q∂p

∣∣∣∣∣
(q0,p0)

δq +
∂2H

∂p2

∣∣∣∣∣
(q0,p0)

δp+O(||δ||2) (B.2)

∂H

∂q
(q0 + δq, p0 + δp) =

∂H

∂q

∣∣∣∣∣
(q0,p0)

+
∂2H

∂q2

∣∣∣∣∣
(q0,p0)

δq +
∂2H

∂p∂q

∣∣∣∣∣
(q0,p0)

δp+O(||δ||2). (B.3)

and thus we get

δq̇ = Hqpδq +Hppδp (B.4)

δṗ = −Hqqδq −Hpqδp (B.5)

where the first term in each equation is zero, since (q0, p0) are stationary points and we used a

compact notation for the second derivatives. In matrix notation, we have(
δq̇

δṗ

)
=

(
Hqp Hpp

−Hqq −Hpq

)(
δq

δp

)
(B.6)

and in sympletic notation, we have

δη̇ = JH ′′δη (B.7)
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where J is the sympletic matrix given by

J =

(
0 1

−1 0

)
(B.8)

and H ′′
ij = ∂2H/∂ηi∂ηj is the usual matrix of the second derivatives of H evaluated in the sta-

tionary point (q0, p0), with η1 = q and η2 = p.

The eigenvalues ofA = JH ′′
are important to determine the stability of the stationary points

and they are given by

λ = ±
√
− detH ′′. (B.9)

Since A is a real matrix, there are only two possible cases:

1. λ is a real eigenvalue and −λ is the second one. In this case detH ′′ < 0.

2. λ is pure imaginary and λ∗ = −λ is the second one. In this case detH ′′ > 0.

In the ferromagnetic phase of the LMG model, we know from our previous discussion in the

section 2.4 that the point (q, p) = (0, 0) becomes unstable. We solve the equation (B.7) around

this point in what follows.

We can always choose the eigenvectors of A to expand the vector δη [ref]. Let v1 and v2 be

these eigenvectors, then we have the equations

v̇1 = Av1 = λv1 → v1(t) = v01e
λt

(B.10a)

v̇2 = Av2 = −λv2 → v2(t) = v02e
−λt. (B.10b)

For the unstable point, the matrix A takes the form

A =

(
0 J

4
+ h

J − h 0

)
(B.11)

whose eigenvectors and eigenvalues are

v1 =

−1
2

√
J+4h
J−h

1

 , v2 =

1
2

√
J+4h
J−h

1

 (B.12a)

λ1 =
1

2

√
(J − h)(J + 4h), λ2 = −

1

2

√
(J − h)(J + 4h). (B.12b)

Thus, we can write the expansion

δη(t) = α1v1(t) + α2v2(t) = α1v
0
1e
λt + α2v

0
2e

−λt
(B.13)



Appendix B. Stability of the saddle point 89

and explicitly in terms of q and p(
δq(t)

δp(t)

)
=

(
v01,q v02,q

v01,p v02,p

)(
eλt 0

0 e−λt

)(
α1

α2

)
(B.14)

=

1
2

√
J+4h
J−h −1

2

√
J+4h
J−h

1 1

(eλt 0

0 e−λt

)(
α1

α2

)
. (B.15)

After algebraic manipulations, we finally get the final form

(
δq(t)

δp(t)

)
=

 cosh(λt) 1
2

√
J+4h
J−h sinh(λt)

2√
J+4h
J−h

sinh(λt) cosh(λt)

(δq(0)
δp(0)

)
(B.16)

which shows that there is a direction in which the orbits approach exponentially fast (q0, p0) and

another direction in which the orbits move away exponentially fast from (q0, p0). This unstable

point is also called hyperbolic.
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Appendix C

Dynamical order parameter of the LMG
model

In this Appendix we derive an analytic expression for the long-time averaged magnetization

X ≡ lim
T→∞

1

T

∫ T

0

X(t) dt, (C.1)

in the semiclassical (thermodynamic) limit of the LMG model, for initial conditions of the form

(θ0, ϕ0 = 0). In the TL N →∞, the LMG Hamiltonian reduces to the classical energy function

Hcl(X, Y, Z) = −sZ −
1− s
2

X2, (C.2)

with the constraint X2 + Y 2 + Z2 = 1. Using spherical coordinates,

X = sin θ cosϕ, Y = sin θ sinϕ, Z = cos θ, (C.3)

the classical energy becomes

E(θ, ϕ) = −(1− s) cos θ − s

2
sin2 θ cos2 ϕ. (C.4)

For the class of initial conditions considered here, ϕ0 = 0, the motion remains confined to the

plane ϕ(t) = 0, and the dynamics reduces to a one-dimensional problem in the variable θ(t). The

conserved energy is therefore

E0 = −(1− s) cos θ0 −
s

2
sin2 θ0. (C.5)

From the classical equations of motion, we have

θ̇ = −s sin θ sinϕ, ϕ̇ = (1− s)− s cos θ cosϕ, (C.6)
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and imposing ϕ = 0, one finds

θ̇2 = s2 sin2 θ (cos θ − cos θ−) (cos θ+ − cos θ) , (C.7)

where θ± are the turning points of the motion, determined by E(θ±, 0) = E0.

The dynamics is therefore periodic whenever the motion is bounded between θ− and θ+, with

period

T = 2

∫ θ+

θ−

dθ

|θ̇|
. (C.8)

C.1 Determination of the turning points

The turning points of the motion correspond to the solutions of the equation θ̇ = 0, which

occurs when ϕ = 0 and the energy condition E(θ, 0) = E0 is satisfied. Using Eq. (C.5), this

condition reads

−(1− s) cos θ − s

2
sin2 θ = −(1− s) cos θ0 −

s

2
sin2 θ0. (C.9)

Introducing the variable

u ≡ cos θ, (C.10)

and using sin2 θ = 1− u2, the above equation becomes

s

2
u2 − (1− s)u−

[s
2
cos2 θ0 − (1− s) cos θ0

]
= 0. (C.11)

Solving Eq. (C.11) yields the two real roots

u± =
1− s
s
±
√(

1− s
s
− cos θ0

)2

+ sin2 θ0, (C.12)

which define the classical turning points of the motion. The trajectory is therefore confined to

the interval u− ≤ u ≤ u+.

C.2 Time-averaged magnetization

The long-time average of X = sin θ can be written as

X =

∫ θ+

θ−

sin θ dθ

θ̇∫ θ+

θ−

dθ

θ̇

. (C.13)
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Substituting Eq. (C.7) into Eq. (C.13), we obtain

X =

∫ θ+

θ−

sin θ dθ√
(cos θ+ − cos θ)(cos θ − cos θ−)∫ θ+

θ−

dθ√
(cos θ+ − cos θ)(cos θ − cos θ−)

. (C.14)

Performing the change of variables u = cos θ, du = − sin θ dθ, the numerator becomes∫ u+

u−

du√
(u+ − u)(u− u−)

= π, (C.15)

while the denominator reads ∫ u+

u−

du√
(1− u2)(u+ − u)(u− u−)

, (C.16)

which is a complete elliptic integral of the first kind.

The final result can therefore be written as

X =
π∫ u+

u−

du√
(1− u2)(u+ − u)(u− u−)

. (C.17)

C.2.1 Reduction to elliptic integrals and phase-dependent behavior

We now show how the integral

X =
π∫ u+

u−

du√
(1− u2)(u+ − u)(u− u−)

, (C.18)

leads to the piecewise result given in Eq. (C.29).

E > Ec : For s ≥ sdc(θ0), the initial energy exceeds the separatrix energy and the classical orbit

spans symmetrically both hemispheres of the Bloch sphere. In this case, u(t) = cos θ(t) changes

sign during the evolution, and the time average of X = sin θ vanishes by symmetry,

X = 0, s > sdc(θ0). (C.19)

E < Ec : For energies below the separatrix, corresponding to s < sdc(θ0), the classical trajec-

tory becomes self-trapped in a single hemisphere. In this regime, u(t) remains of fixed sign and

X acquires a finite value.
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The integral in the denominator of Eq. (C.18),

I =

∫ u+

u−

du√
(1− u2)(u+ − u)(u− u−)

, (C.20)

is a complete elliptic integral of the first kind. To make this explicit, we introduce the standard

substitution

u = u− + (u+ − u−) sin2 ψ, du = 2(u+ − u−) sinψ cosψ dψ. (C.21)

With this change of variables, the factors in the square root become

u− u− = (u+ − u−) sin2 ψ, (C.22)

u+ − u = (u+ − u−) cos2 ψ, (C.23)

1− u2 = (1− u2−)
(
1− κ sin2 ψ

)
, (C.24)

where the elliptic modulus is defined as

κ =
u2+ − u2−
1− u2−

. (C.25)

Substituting into Eq. (C.20), the integral reduces to

I =
2√

1− u2−

∫ π/2

0

dψ√
1− κ sin2 ψ

=
2√

1− u2−
K(κ), (C.26)

where K(κ) denotes the complete elliptic integral of the first kind.

Final expression. Inserting Eq. (C.26) into Eq. (C.18), we obtain

X =
π

2

√
1− u2−

1

K(κ)
. (C.27)

Using the explicit expression of the turning point u− in terms of the initial condition θ0, one

finds in the regime E < Ec √
1− u2− =

2 sin θ0
1 + cos2(θ0/2)

. (C.28)

Substituting Eq. (C.28) into Eq. (C.27), we finally arrive at

X =


0, s ≥ sc(θ0),

2

π

sin θ0
1 + cos2(θ0/2)

K(κ(θ0, s)) , s < sc(θ0),
(C.29)
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which explicitly shows the emergence of a finite time-averaged magnetization upon crossing the

classical separatrix.
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