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Part | — Thermodynamics

® The classical fluctuation relations.

® The quantum fluctuation relations.

Part Il — Relativity

e Why General Relativity?

e A simple introduction to the theory.




Part Ill — Relativistic thermodynamics

® A quantum system living in a curved spacetime.
® The relativistic fluctuation theorem.

e A simple example: How is the life of a harmonic oscillator in an
expanding universe.




A2 Quantum what???
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=Y The classical world
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Macroscopic measurements

Space and time measurements are av-
erages. Our macroscopic instruments
cannot see the fast dynamics of the mi-
croscopic world. From this set of mea-
surements, the time-independent ther-
modynamic variables emerge. Thisis a
subjective ignorance.




Equilibrium states. There exists particular states that, macroscopically,
are characterized completely by the internal energy, the volume and the
mole numbers of the chemical components.

Entropy. There exists a function of the extensive parameters defined by all
equilibrium states and having the following property: The values assumed
by these parameters are those that maximize the entropy.

Properties of the entropy. The entropy of a composite system is additive
over the constituent subsystems. The entropy is continuous and differen-
tiable and it is a monotonically increasing function of the energy.

Absolute zero. The entropy of any system vanishes at zero temperature.



When the number of degrees of free-
dom goes to infinity and fluctuations
vanish. In this limit, thermodynamic
variables are not stochastic.

What happens when fluctuations come
into play?




=Y The role of fluctuations
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At equilibrium, we can employ the rules
of statistical mechanics to describe the
fluctuating quantities. For instance,
the particles in a rarefied and weakly
interacting gas follow the Maxwell-
Boltzmann velocity distribution




In the following, we will rely on two fundamental assumptions:
1. The initial state of the system is a thermal state

1
P=7°

B = 1/T is the inverse temperature, Z is the partition function while H is
the Hamiltonian. We can also consider other thermal equilibrium states,
like the microcanonical of the gran-canonical.

2. The microscopic dynamics is reversible.



The linear response of a system in ther-
mal equilibrium, driven out of equilib-
rium by an external force F, is deter-
mined by the fluctuation properties at
equilibrium @

4
p=_2 I

D is the diffusion constant and v, is the
drift velocity.

2A. Einstein, Ann. Phys. 322, 549 (1905).




Due to the thermal agitation of elec-
trons in a conductor at equilibrium,
electrical thermal noise appears. Its
mean square fulfils @

o\ 4RAv
<V>* B

R is the resistance while Av is the
bandwidth.

@J. Johnson, Phys. Rev. 32, 97 (1928).
H. Nyquist, Phys. Rev. 32, 110 (1928).




Fluctuation-dissipation theorem

Provides a fundamental connection between the response of a physical sys-
tem to external perturbations and the internal fluctuations that occur in thermal
equilibrium.

System described by
H(t)=Hy—h(t)A

System is initially in thermal equilibrium

po=e /7

What is the linear response of another observable B due to the perturbation?
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In the interaction picture, the time evolution of the density operator p(t) is

d/;(tt) _ f%[HI(t),P(t)]

We solve this to first order in h(t)
R
plt) = po -+ Sp(e). with3p(t) = 5 [ R [po. A()
Then the expectation value of B becomes

(B#) =TrpO)B(O) = (B® + 5 [ ath(e)(BEO. A,

g —00




The response function is defined as

XBalt — ) = 106~ ){([B(t), A() o

such that the linear response of B to a perturbation through A is
characterized by
$B(®) = [ dt xmatt - Oh(t)
The equilibrium (symmetrized) correlation function is defined as
1 1
Caalt) = 5B, AO)}o = 5 (BOAWO))o + (AO)B(E))o)

The corresponding power spectral density is then

Spalw) = / dt ' Cp A (1)

—0o0




The Kubo fluctuation-dissipation theo-
rem then relates the imaginary part of
the response function to the spectral
density as @

Iy paw)] = — (1- ) Spa(w)

" 2n

M. S. Green, J. Chem. Phys. 22, 398 (1954).
R. Kubo, J. Phys. Soc. Jpn. 12, 570 (1957).




Setup
® (Classical system with phase space coordinates z.
® Evolution during a time interval ¢ € [0, 7] is governed by H(z, \;), with X,
begin a time-dependent parameter.
® The system is initially prepared in thermal equilibrium at inverse
temperature 8 under the parameter value )\

1
po(x) = ?UQ—BH(x,A(l)’ Zo = /dl’ e—BH(zX0)

® |ts dynamics are assumed to be Markovian and microscopically
reversible.




Two protocols

e The forward process: The system evolves forward in time under \g(¢)
from \g to \,.

® The reverse process: Defined by the time-reversed protocol
Ar(t) = Ap(T — t), starting from equilibrium at A,.

® Atrajectory is denoted by I' = {z(¢) }o<t<,. The probability of observing I
in the forward process is denoted as Pp[l'], and I' = {Z(t) = »(T — 1)}

has probability Pr[I'] in the reverse process.




The work WI'] performed along a single trajectory in the forward protocol is

defined as

W[ = /OT dt /.\F(t)aH%()w A=Ap(t)

Let AE = H(x;,\;) — H(x0, \o) denote the total energy change. Then, the
heat transferred to the environment is simply

We now assume that the dynamics satisfy a local detailed balance condition

Prl] _ po(z0) —sqiry

PR[f] pT($T)




Using @ = W — (H(z-,\;) — H(z0, \o)) and the Boltzmann weights

Po(x0) _ Zr it (w0, 50)~H(wr o)

pT(ajT) A )
we obtain
Prll] _ Zr _pwir) _ ~B(WI-AF)
Prll] 2o ’
Where

AF = F(\;) — F(\o) = =87 In(Z,/ Z0)

is the equilibrium free energy difference.




The rules of statistical mechanics tell us that the work probability density in
the forward process is given by

/ DT P[T]6(W — WITY)
Similarly, in the reverse process

/ DT P[F]6(W + WIT))
This can be rewritten by using the trajectory probability ratio as

Pr(—W /DFPF T] e BOVI=AR) 5y 4 J[T]) = 2V HAF) pp (1),




Therefore, we obtain

Pr(W) SW-AF) _ o
Pr(=W)

Crooks fluctuation theorem

Rigorously quantifies irreversibility in terms of measurable fluctuations of
work. While trajectories violating the second law are possible, they are expo-
nentially suppressed.




Jarzynski equality can be derived from this theorem by means of the
normalization of the probability density. Multiplying both sides by
Pr(—W)e=#" and integrating, we obtain

/dW Pp(W)e W = e—ﬂ“/dw Pr(-W) = e P2
which gives us Jarzynski equality
<€7ﬁW> _ o —BAF
Using the convexity of the exponential function, we get the second law of

thermodynamics
BW) —AF) =(0) >0




B Quantum fluctuations
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Setup

® Quantum system evolving under H(t) = H()\;) over a time interval [0, 7].
® he system is initially in equilibrium at inverse temperature 3

1
_ —BHy

Po Zoe .
e Evolution is unitary.

® What is the work done on the system?




Two-point measurement scheme
e Att = 0 we perform an energy measurement
=B

A

p?l = Zo = TrePHo

® Evolve the system under U = T exp (—+ [, H(t)dt).
® Att = 7, another energy measurement

P = Tr [IL,UTRUT]
e The joint probability of obtaining % and ¢, is then given by

m

_ .0 7
Pmmn = pnpm\n'




The quantum stochastic work

Winn = €, — €2
Forward and backward protocols
® Forward: The joint work probability is

676691

A

- [H;UH?L/)OHQUT} _

])77’7“71

[{er|Ulen) .
® Backwards: \; = \(7 —t) = U = ©U'©! and p, = e P~ /Z.. This

results in

eﬁlﬁfn .
| = = HenlUle .
-

m

Pl = Tr [T 1170




From this we get

~fen 0|2
pgzn _ %KE;JU‘%H _ &eﬁ(ﬁfn,*ﬁg,) _ eﬁ(WmanF)
Pim S |(er [U0)2 2o

Work distributions

® Forward
pF(W) = pr;n(S(W - Wrn,n)

m,n

e Backwards
pR(_W) = prim,é(_w + Wm,n)~




Crooks theorem

Fw) _ BW-AF)
pR(=W)

Jarzynski equality

<675W> = /deF(W)e*BW = ¢ PAF / AW pB(—W) = e PAF




That is all, Folks!
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