













































































































































 

CI Electecs

Lecture 04

Multipole Expansion

Coteng
















































































































































Multiple expansion

If the charge density g as such that

g o

sufficiently rapidly
at infinity the unique

so when to Poisson's equation with 0

As x̅ 00 as given by

diet
a

Now let us consider that

5 0 for bill R

and we are Interested In solutions at

151 R

then 1 1 15 l Let us consider the

Taylor expansion of tic x̅ l about x̅ x̅
















































































































































IET IT

x̅ lx̅ 12 2 x̅ x̅

let i a

let 1 t.tk fti EE

F.l ii.fi
e sit

t.at elitist title

f T
t e t e
















































































































































I lugging this into the formal solution to
Poisson's equation we obtain

disc see's Ér
do

ftp.fif t aifIF

Q fa3xple p Jasper x̅

Qa 3 x x bets g x̅ dsx

These are the multipoles moments of Oce

Let us see these expressions see

spherical coordinates
















































































































































r so y z wso i tgy
In order to Do this we compute Green

function In spherical coordinates

The Laplacian takes the form

t.fi r2t tilsto sine f

Into

Let us define the Laplacian on the unit sphere

D't to s.no sto3ty

if r t f
















































































































































D Is a self Adjoint operator on the Hilbert

space of complex valued square Integmble

functors on the unit sphere The Inner

product is Defined as

20 IT

f fi tilo e file y sinedody

Therefore there Is a basis on this space

formed by the eigenvectors of D The

eigenvalues of D me

1 1 0 1 2

The e th eigenvalue of D his degeneracy

sets Given this the choice of the

basis is not unique
A convenient one

Is given by the spherical
harmonics
















































































































































emloiet.FI F iPiccoso eme
with

Pilsal ftp.li xtpkfffmli.it
being the associated Legendre functions
and l m l

The spherical harmonics are a basis of

the Hilbert space they are orthonormal

with respect to the Inner product and

satisfy

Yem ele 1 Yem

We can write any square aertegrable function
o e as

flo g Em CemYem 0,4
















































































































































wth

Cem Yet 10,4 to 4 sinedody

Let us now come back to the Green function

ñ G x̅ x̅ s x̅ x̅

Gle x̅ 0 me 121 00

In spherical coordinates
we have

8 x̅ Jc ftp.s r r 8 o 0 s p y

Jsir F dr fs o 0 do fs p y'ldy
1Js

x̅ E ask Sle x̅ r'sin odrdady I
















































































































































we now expand the Green function in

terms of this basis

G x̅ x̅ Em Gem
r x̅ Yem 014

with the coefficients

Gem r x̅ Yico.ly Glr o 4pc sinodody

BY plugging this aerto we obtain

Eftp.T r
d m YemtGDYemJ sle sc

ilt flid 1116am Yem

confine f n r sco s q q
















































































































































Multiplying by Y'm and integrating
over the sphere we obtain

Eli deform Yentai

Therefore we can write

Gen r x̅ gem r r Yem oig

And

Elite elffgeme.sc

Therefore

ridge elite gem f scr ri
















































































































































for r a r and rsr we have the

general solution
as

gentrir Aem r ben r re

when r 0 the term proportional
to

Yrett as unacceptable while the term

proportional to
re Is unacceptable for 00

Therefore the general
solution most be

of the form

bemlr re
rar

gentrir a
ron
















































































































































We now have to solve the equation for gem
when r r Let us integrate the equation

from r r e to r r e and take the

Limit E O
r te

r E

ftp.dfnmfdr lets gender 1
r E

r E

ffl.in film t

Now we know that gem
must be continuous

of r r First we have from the

previous solution that

bump't
















































































































































However we must also have

let e ebem net 1
These equations imply that

ett r
e path bem l ben r to

bemer t_er

bemli
e.ae rlett

and

aemiitt.int
















































































































































Now we go
back to the Green functor

G x̅ x̅ l En Gem r.sc
Yem 0,6

in Gemer r
Yem o y Yem 0,4

Leading us to

Ef.fr Yimloie Yenae re
i

a

This provides us the general
solution to

Poisson's equation for an arbitrary charge

density g E
















































































































































e Glept g be as

InÉirettYin
lot4 Ymto ulrsinodido.de

fE.me irnYe'mloi4'1Yemla4 r'sinedidady

Defining

emen i Ymcoie rididody

Bem r scrio y r Ye'm late r ar dody

we obtain

ffff.fimrtEdYemoe
















































































































































in particular If g 0 only for r R we

have for r R

ptic
Yemlone

Gem gix̅ r't Ye'm o y d x

This Is the multipole expansion of the

electrostatic potential

Geting cavities

conductor material
with changes that are

free to move within the material

This Directly implies
that inside the conduct

E 0
















































































































































Inside the conductor we then must have

const 0

This implies that any change Inside the

conductor must vanish The charges are

wasted at the surface

The charge density is assumed to take the

form

scic a x̅ S s

s as the normal
distance of to the surface

Persson's egration takes
the form

9.81s

This Implies that must be continues

there Is no derivative of the delta function
At the surface
















































































































































Similarly the component of E tangencia

to S must be contros implying that

Éy 0 at S

since É 0 Inside the conductor If

this was not true changes would still move

on the surface and electrostatics would

not apply
x̅ I the bottom and top

surfaces of Sg me

fifff
proud to s the

top face lies outside

the conductor

From Gauss her at follows that

V E ESCs
















































































































































JT.Éds A fÉ ids Else ñA

Sg

Therefore Just outside the conductor we
have

Elxi̅oñz7
We
anentestdhereinonucting cavities

So we consider a connector that encloses a

volume V and study the electrostatics

within V

First we need the following theorem

Teams Existence and uniqueness
Let VCR

be a bounded region whose boundary
S 2V

Is a regular 2 Dimensions surface
















































































































































Let glic be an ambition continuous function

on V And consider the Poisson's equation

V20 s Eo

The following holds

a Dirichlet conditions let 4 be an arbitrary

continuous function on S Then there

exists a unique solution to A In

V such that 0 1 4

b Neumann condition let X be an arbitrary

continuous function on
5 such that

x 1s
Then there exists a solution to 1 on V

such that vi TO X This solution

Is unique up to an additive constant
















































































































































conductor

S

01s const

Tonow

If geo or V then theres is a unique solution

to 920 0 in V This of course leads

to C throughout V Therefore
we

conclude that I 0 Inside my

conducting cavity with no changes

This is usually referred as the

Eday cage

let us now turn to the case where g 0
















































































































































we all have

1s const

since we have a gauge freedom
we can

set this constant to zero Therefore on

s we must have

015 0

Dirichlet boundary
condition

we need to solve

S Eo

under this condition The general solutoon

follows from
Ñ G xp̅c slice x̅
















































































































































subject to

G K x̅ 0 Ies

The general solution for as then

E G x̅ pe g x̅ as

For a spherical cavity of radius
R It

turns out that Go as given by

Golite att.ie ttate.Eet
with

x̅ x̅ Eat Ee

For a general cavity finding Gp usually

demands numerical methods
















































































































































Now we know that

Gtic x̅ infect
satisfies the equator

T Go x̅ I a 85 x̅

But It Does not satisfy the boundary condition

Is S However we can connectthis bywritting

Goleise anatomy Folese

derivatives with

Fo x̅ x̅ 0 respect to x̅

subject to

lie x̅ a e
tes

F must exist and also be smooth Therefore

Go must differ from Yurek 2 by at most

a smooth function
















































































































































the Dirichlet problem

1s 4
4 Is arbitrary

not a conductor

in V it holds that If o_O What is

the general solution to this problem

we need Green's theorem

Theorem Green's theorem let VCR be

Funded region whose boundary
as a

two dimensional surface
S 2V Let g

and f be arbitrary continuous functions

in V and assume that and

satisfy
















































































































































site Tik eye
We have

i 0,402 0 tk ds fld.p 0p Be

The proof follows Directly from Gauss

theorem

Let now e e and does Gale

with being a solution to v20 0

with s 4 From Green's theorem we

obtain

i die TTG G.TO ds fdpud3c
V

where we have used 91 0 We know that

8 a 8 x̅ x̅ since.dz Gp x̅
















































































































































Now we rewrite the left hand side of the

last equation as

ñ.MG ds JGon.Tf ds

The last term vanishes because 6 0

on S Therefore we obtain

015 ii T.GE ds 0 1

Reversing the roles of x̅ and x̅ we have

e e fact ii You.gs pe ds

s

which is the general solution to the

Dirichlet problem


